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Abstract

Lithium - ion batteries are described by mathematical model which involve variables such as electrolyte concentrations which are volume averaged
over respective region. Other possible dependent variables can be solution phase potential and solution phase concentration. The schematic Lithium - ion
cell sandwich defines three important distances [, [, and | for positive electrode length, separator length, and negative electrode length, respectively.
The perturbation techniques define the model and the number of solved equations. Lithium - ion batteries are characterized by three regions with differ
physical properties and characterized equations in each region. The Lithium - ion model characterized ordinary differential equations (ODEs) are converted
to delay differential equations (DDEs) which reflect the electrolyte concentrations delayed in time due to inconsistency and interferences in the solid -
phase diffusion approximations and transient response. The key model delayed variables are electrolyte concentrations which are volume averaged over
respective region (¢, ¢_, ¢®*). The three DDEs Lithium - ion model gives the prediction for electrolyte concentrations under influence of variables

delay in time. The standard local stability analysis about any one of the equilibrium points of Lithium - ion batteries model is inspected for stability and
stability switching behaviour under delay parameters in time variation.

Introduction

Alithium - ion battery is unit which store energy and is rechargeable storage device. The Lit - ion device uses the movement
of lithium ions between two electrodes, the positive and the negative. The Lit - ion batteries are very useful for consumer
electronics and renewable grid storage. The Lit - ion batteries are known as high energy density device. They have cathode
and anode ports. The anode port is constructed from graphite which stores the lithium ions and lets them to be free during
discharge process. The cathode is usually made of lithium metal oxides (NMC or LFP) and functions as stores ions medium.
Additional other two Lit - ion components are electrolyte and separator [1]. The electrolyte is a liquid or gel which carries the
positively charged Lit - ions between the electrodes. The separator is a permeable physical barrier which keeps the electrodes
apart. It prevents the short situation. By implementing charging process, the external electrical source forces the lithium ions
to move back from the cathode to the anode. By implementing discharging process, the lithium ions move from the anode to
the cathode. The movement is done through electrolyte by pushing electrons through an external circuit to power device. The
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advantages by using Lit - ion batteries are the high energy density, very low self - discharge rates, and no “memory effect”. If
we compare Lit - ion batteries to nickel cadmium (NiCd) batteries, there is possibility to partially charge Lit - ion devices at
any time without losing usable capacity or altering their voltage. The reason of Lit - ion batteries “not remember” is based on
the fact that there is no crystal formation and better partial charging ability (keeping Lit - ion battery to 20% - 80% capacity
extends its lifespan). The Lit - ion disadvantages are high cost, lifespan of two to three years, temperature sensitivity which
cause to poor functionality under extreme cold or overheating (extreme heat). The Lit - ion batteries additionally have high
risk of fire (thermal runaway). It happened when they mechanically damaged or over charged. Extreme heat or overheating
can cause a short circuit which is call “thermal runaway”. It is uncontrolled chemical reaction which creates intense fires
or explosions. The Lit — ion batteries are more expensive compare to NiCd batteries and have limited lifespan. They are
very sensitive to temperature changes which effect their functionality. The important in controlling Lit - ion batteries to get
conclusion on state of charge (SoC) and state of health (SoH) statuses. The lithium - ion battery state of charge (SoC) is the
level of available charge relative to its maximum capacity [2]. It is ranging from zero (empty state) to one hundred percent
(full state). It is battery fuel gauge and related to battery chemistry characteristics. We measure Lit - ion battery SoC by using
battery management system (BMS) which run dedicated algorithms. The SoC measurement methods are coulomb counting
(integrating the battery flowing current in and out), open circuit voltage OCV (measure the resting voltage of the battery
since the Lit - ion batteries have flat voltage curve for discharge cycle), and combination of two methods alongside with
temperature sensors to get the highest precision and the desire safety. The Lit - ion battery state of health (SoH) measure the
device current electrochemical performance compare to its original current. We mark battery SoH by percentage which gives
information on battery’s maximum capacity decay and increasing internal resistance for battery’s lifetime. Three regions
characterized Lithium - ion batteries, the first is positive electrode, the second is separator, and the third is the negative
electrode. The model simulates Lithium - ion battery in real time. A spaced discretized equations describe the real time of Lit
- ion batteries. Optimization process is needed for the model. If we have a battery uniform current distribution then Lit - ion
electrolyte concentration is expressed by partial differential equations [3]. The main variable is the electrolyte concentration
and other important parameters are pore wall flux for negative and positive battery electrodes (j,and @/, , respectively).
The battery pore wall flux is the rate which lithium ions move between the liquid electrolyte and the active solid material
particles per unit area. It is boundary condition which related to coupling solid - phase diffusion and liquid phase electrolyte
conservation equations. The source or sink of ions is determined by the pure well flux. It is implemented in both solid phases
and liquid phases. The electrolyte concentration is the main Lit - ion variable when we want to inspect the battery operation
dynamic. The electrolyte concentration variables are C:jéh"de ' Clor C:“/‘e"de and presented by ordinary differential equations
(ODEs) in time. The flux (concentration derivatives) of Lit - ion battery two interfaces are located at x = lp and atXx = lp +1
,respectively. The variable X is related to Lit - ion sandwich distance from the first location at x = 0 of positive electrode. We
consider the battery concentration profile as a parabolic and the flux at the battery structure interfaces can be approximated.
The Lit - ion battery solid phase diffusion approximations are reduced the computational efforts we need for real time BMS
functionality. We get transient response of the model. The battery model helps us to predict the dynamical behaviour of the
battery device in three regions which related to electrolyte concentration. The Lit - ion batteries discharge behaviour is the
first outcome from battery model simulation. The Battery solid - phase diffusion coefficient (D, ) dives us indication how
fast lithium ions are moving inside electrode particles. If we define in the process delay parameters (7, V i =1,2,3 for
T, € R; 7,>0), they depend heavily on particle geometry, pulse duration, and relaxation period. Additionally, the Lit - ion
electrode geometry modelling can define the internal time delay parameters which are diffusion time constants. It is for both
microscopic and macroscopic scales. The defined model time delay parameters represent the actual physical time which
required for Lit - ion battery lithium concentrations and electrical potentials to reorganize and get to steady - state (ss)
equilibrium state during charge, discharge, or to the remain process periods. The Lit - ion battery electrolyte concentrations
are delayed in time due to the solid - phase diffusion approximations and the transient response. The delayed in time
parameters (7, Vi=1,2,3 for 7,€R; 7,>0 ) Influence the Lit - ion battery system stability and need to be inspected deeply
by stability criteria and non - linear dynamic theory. The standard local stability and stability switching are influenced by
system overall parameters and model delay parameters.

Lithium-ion batteries solid-phase diffusion Approximations, transient response, electrolyte concentrations delayed in
Time

We can define the Li - ion batteries electrolyte concentration as volume averaged over specific region, where C is the

» L,+L,
electrolyte concentration, we get the specific region concentration as C:jéh‘)de = L I Cdx, C,.= L j C(x)dx and
1 Lp+Ls+Ln l l l p x=0 Ls L,
C:;;’de = I C(x)dx , where Lp = i,LS ==, L ==, and L= lp +1,+1,. We have two interfaces in the Lit -
Ln L +L L L L

o “
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ion cell sandwich structure, first is at x = lp and the second at x = lp +IS . L is the overall length of the Lit - ion positive
and negative electrodes plus the separator length. 7 is the length of positive electrode (thickness of the cathode), ls is the
length of separator (thickness of the separator), and ln is the length of negative electrode (thickness of the anode). Typical
values for lp,ls and ln are80x 10° m,25x 10° m and88x 10° m, respectively [4]. The concentration derivatives (flux)
are at two interfaces, x =/ and atx = lp +ls, respectively. We consider the Lit - ion concentration profile is parabolic
and approximate the related fluxes. We can express the Lit - ion specific region concentrations by rate equations for
getting the transient response of the Lit - ion model (Fig. 1). The related delay variables in time are C__(t) - C, .(t—7,),

thod thod d d
Cae ()= C " (1 =1,) and C0% () > Ci* (t - 7,), 7,,7,,7y > 0and7,,7,,7; €R.

The Lit - ion rate delay differential equations (DDEs) are dfl’a"e _68 (2Cu (tL_zrl)_Cl —G)
t ;
d Ccathode 3 83 C — Ccathode t—1 S
; ave _—_ P G = (t-%)) +J which related to positive electrode DDE forC®"™% , and
dt L, g
3 d
dCi 36,(C,—C (t—7,)(1-L, - L)

+ J whichrelated to negative electrode DDE for C:j:de . We consider that

dt L

n

cathode anode
C € dCave and dcave

the derivativesd¢ ,
dt dt dt

the wall flux at the negative and positive electrodes, respectively [5]. In physics-based lithium - ion battery model &, and

€, parameters are the volume fractions or porosities of the negative electrode (anode), and positive electrode (cathode),

respectively. The negative Lit - ion battery &, parameter typical values are between 0.3 and 0.5 (30% to 50% porosity) values

for negative electrode (¢ ).Itis dependent on calendaring and whether it is a high - power or high energy cell. The positive

Lit - ion battery &, parameter typical values are between 0.25 to 0.4 (25% to 40% por051ty) We define X parameter as

1-¢ 1-
=[I’ ( )] (—) J,, parameter asJ, =[L r ( )
c,De,” Fl, , c,De,
model, D parameter is the diffusion coefficient which is measured in M and represents how fast lithium ions move through
S€C
the electrode particles or the electrolyte. It dictates the battery’s charge/discharge rate and power capacity. Typically, the

D parameter value is 7.5x107'? (separator). In Lithium - ion battery model, F parameter is Faraday’s constant. It has

do not affected by the delay parameters (7,,7,,7;). J, And Jp are defined as

X =—, J , parameter as J (—) In Lithium - ion battery
L

typical value of 96487 % (separator) and represents the magnitude of electric charge per one mol of electrons. Lithium -
mo

ion F constant is related to ionic transport, diffusion and the model reaction kinetics. In lithium - ion battery model, ?is

mol

m3

the initial or reference concentration of lithium ions (measured bym—?l) [6]. The typical value of ¢, parameter is 1000
m

(separator). It is also can be referred to battery solid phase or electrolyte phase. We define two functions C, and C, which

s
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Figure 1:Lithium - ion battery cell structure (positive electrode, separator, and negative electrode)
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are function of C:j;h‘)de , Cave (C?°d variables and system overall parameters. 1 is defined as the applied battery cell current
ave

and it is related to the pore wall flux we get (J or j ) [7]. The pore wall flux represents the local transfer rate of lithium ions

between the solid active material and the liquid electrolyte. We define two functions & = & (CS°*,C, ,C***) = C,and
é: 53 (Ccathode C Canode) — C3 ]

ave?

3e,Cont ™ (t—1,)L, +6¢/L,C, (t—1,)—2&/L,C,

(1)
4 4
38PLS +4¢, Lp

51 = gl(c:j;h()de C C:mde) = Cl =

36,Can*(t—1,)L, +6¢/L,C, (t—T))
_26_;le§3 (Cacj;hode C Canode) (2)

ave?

4 4
3¢,L +4¢L,

é: 51 (Ccathode C C:node) —

ave?

We define for simplicity some global system parameters: &, = 384L ; B, = 684L P E = 2g4L and
B, = 384L + 484L . Then we get the reduced &, (Ccathode C,..,C™%) function:

ave?
hod hod nod
é: é: (Ccathode C Canode) h‘161cat ° e(t T2) +Z2 ‘—‘2 ave (t z-l) + h‘353 (Cvcat - C Ca § e)
1 ave’ ~av -

ave? " av (3)

[1]

4

—26/L,&, L Con*(t—1,)+46 L, L C, (t-7)+6&/ L LeC, (1-7))
£ (e ¢ iy _ 36, L6, Con (1 =13) +46/ L&/ L Cone (t 1) 4)
30 e aver Tave . 428 L +434Langp+3g4L254 +4g'L 84L

s np n=s%p ns%s

26/ Le)L Cot*(t—1,) +[46,L, L +66'L L e)1C, . (1-T))
£ g (G o) H3ei el +45 L el L 1Ca  (t—1,) (5)
Poomme 7 mwer T } 4¢’LL, +4g4L Let+36iList +4e'L el

n"s“p n"s%s

We define for simplicity some global system parameters: =, = —2g4L £, L He = 45‘§Lan + 65:Lan52'
- 472 4 47 4
E,=3¢,Le, e L gL, 5 =46°L L, +4e'L L €, +384L26‘4 +4e'L g! L

— cathode anode
ECoC(t—1,)+E,C, (1 — 7))+ E,Co%(t—1,)

—
=38

ave

(6)

53 — 53 (Ccathode C Canode) C3 —

ave ave?

We can summery our system DDEs and additional related functions:

dC,, _~663(2C, (1-1)~& &) dC  36)(§-C™(-7,))

ave

dt |5 ©dt L

s P

+Jpand

dCee _ 3e,(& —Coe(t—1,)(1-L, — L) —J B CENC(t—1,)+E,C, (1 —7) + B
dt r

n 4

[1]

—
—

2, s = Zy
: B Gt (=) +EC, =7+ ECon(1-7,) &1 =G (1=1) + G -7+ R O (- 7y)
- X E, Z, E,

=)
=8

We define for simplicity additional global parameter: Y, = =, Y, = s . Y, = 7 then

£ =Y,CEM (1~ 1)+ X,C, (t—7,) + Y,C™* (t - 7,) (7)

ave
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C:j;hOde (t - TZ) + “‘2 ave (t Tl)

[ C:j;h()de (t - TZ) +E ‘—‘6 ave (t 2-l) + ‘—‘7C:;[/1:de (Z E )] (8)
CcathOde (t — T2) + E“ZC‘avc (t B Tl) + 5353 _ 3 ES

5 ave
=

—
—

=4

[1]

4

—
=
—

[E+ 2210 (= 1,) +[E, + H3H6] Coe(t=T)+ =T CRI (1= 13) 9
&= =3 =g =3 €)
I -
=y
1 — E“35‘5 cathode 1 — E‘3E‘6 :‘3:‘7 anode
q=—"[5+ G =)+ ——[Ey + ——1C (=) + - (. (= 13) (10)
= Eg E, Eg .=,
. N L | 2.5
We define for simplicity additional global parameter: Y, = —[E, +——]; Y, = —[Z, + =, 6] and
- =4 =3 5, ON
Y= :3:7 ’ thené =T C::;h()de( 1-7,)+ YC (1 — 1)+ Y C:f:de(t_rz)'
We can ssummary our & (C:“:;h"de Cos Ca""de) and £, (C:j;h"dc Ce» C:“"dC) equations:
& =Y O (=) + 1,C, (1= 1) + YO (1= 7)) 1
é:l T C:j;hOde(t_Tz)+Y ave(t Tl)+Y C:::de(t_z-ﬂ (12)
cathode anode
At fixed points (system equilibrium points) 9Cae _ 0; 4" =0; dCye C,..t—1)=C,. (1)

dt dt dt

Vi>rt ;r,elR
o ) C:f;h"de(t—rz) ~ C:j;h"de(t) Vi>r,;r,eR, and C:fe"de(t—q) ~ C:fjde(t)

Vi ;r,eRi0,0,,0> 0 . At fixed points 53* = C:j;hode]*+y [ ave]*+Y3[C:::de]* and

él* — Y [Ccathode] + Y [

ave

+ Y [Canode ]

ave ] ave

_ x_ g% g* cathode 3 3 Ccathode
ACo _ oy 202 QAUCLIE 28 o dC™ i [2 ])+Jp=o (13)
dt LY dt Lp
anode 353 Canode 1-L —L
dC;’;e — O = n (53 [ ave L}] )( P s) + Jn _ O (14)

n

First fixed point equation (equilibrium points):

=66 (2C, J*~{N G T + YS[C T + Y [C T}
e QICLI 5 =8, ~NICE™ T LICL]* [CE ) o (15
L L

—6&{(2= Y5 = Y,)[Cp I*—(Y, + Y[ Cnrode*
—66)(2[C, J* =& - &) —(Y + Y)[CIoT*} (16)
Lz =0= I

N s

L#0; -6 #0;(2=Y,=Y,)[C,.1*—(Y, + Y)[CZC*—(Y, + Y)[C*T]*=0 (17)

B.VC ave ave
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Second fixed point equation (equilibrium points):

36, (Y, [Cre™ T + Y[C T + Y [Co“T
383 * Ccathode * N cathode 18
A (o DI (o8 2 v =0 e
L L
383 * _ Ccathode * 383 Y _1 Ccathode +Y C * +Y Canode *
p((_fl [2 ave ] )-I-Jp —0= p{( 4 )[ ave ] - 5[ ave] 6[ ave ] }+J =0 (19)
Lp Lp !
cathode anode 7* J L2
(Y, =-D[C,.. ] + Y[ ave] + Y [C ] +"—3p=0 (20)
3gp
Third fixed point equation (equilibrium points):
3 (Y [CE 1%+, [C,  1*
35 Canodc I—L —L +Y Canodc Canodc I—L —L 21
n (53 ave 3 )( P S)+Jn :0:> ave } ZVC )( P S)+Jn :0 ( )
L L,
36, (Y, [Cri ™ 1*+Y,[C,, I*
3 [C*™*T)1-L —L +(Y, =D[C™*TY1-L —L (22)
8(§3 ave . )( P S)+Jn=0:> ( 3 )[ ave ]}( P S)+Jn=0
L L,
J L
Y Ccathode *+Y + Y _1 Canode n—n :O
[ ave ] [ ave ( )[ ave 83(1—Lp _LS) (23)
We can summery our system three fixed points equations:
(2= Y5 = V)[C I (0, + Y[Cr ™ T* (Yo + Y,)[Cord“]* =0 (24
cathode anode 1* J L2
(0, =D[Ca™ T + Y[C,p T + Y [Cone] +ﬁ=0 (25)
&
b4
cathode anode J L3
Y [Co T+ LG, T+ (Y, = D[C 1* + L =0 (26)

3g)(1- L —L)

We get system fixed points: £ ([ ave] O] (O ¥

ave ave

The Lit - ion battery delay differential equations (DDEs) model can be compared to the traditional reduced order Lit - ion
battery model. The Lit - ion reduced - order model (ROM) simplifies the model’s partial differential equations (PDEs) in terms
of solid diffusion and electrolyte migration. It is done into lower - dimensional approximations approach. It is applicable to
single particle model (SPM) and SPM with electrode. We can implement it also to Galerkin projection methods. The Galerkin
projection method is implemented as a mathematical technique in our case and use to convert continuous differential
equations into a smaller and define - dimensional system equations. It is done by projecting the residual orthogonally
elements onto a subspace of test function. Compare to Lit - ion reduced order model (ROM) the delay differential equations
(DDEs) Lit - ion battery model uses time - delayed states such as diffusion lags, currents, or past voltages to account for
thermal incubation, transport time or delayed internal feedback loops.

Lithium-ion batteries solid-phase diffusion Approximations, transient response, electrolyte concentrations
characteristic equation T,=T, ‘tz=‘t3=0

We get the expressions for & =& (t,7, =7,7, =0,7, =0) and &, = &,(¢,7, = 7,7, =0,7, =0), then
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Etr, =1,7,=0,7, =0) = Y,C™ () + Y,C, . (t—7) + Y,C(¢) (27)
E(t,r, =1,7,=0,7, =0) = Y,C"“ () + Y,C,..(t —7) + Y,C*(¢) (28)

The standard local stability analysis about any one of the equilibrium points of Lithium-ion batteries solid-phase electrolyte

cathode anod . . . :
concentrations system consists in adding to coordinate [ ave,Cavc ,C:fs °] arbitrarily small increments of exponential

cathode _ anode

hod d
form [c,,,c< "%, ¢%]e™ and retaining the first order term inCy,Coe »Coe . The system of three homogeneous

equations leads to a polynomial characteristic equation in the eigenvalue A [8][9]. The Lithium-ion batteries solid-phase
electrolyte concentrations system fixed values with arbitrarily small increments of exponential form [C,,., ijzh()de , :3: de] &
are k =1 (first fixed point), k = 2 (second fixed point), k = 3 (third fixed point), ...

ave

. * . ds d de A
ave(t) [ ave] +Caveelt ; C:j;h‘)de(l) :[C::thode] _i_c:j;hodee,u ; C:\r,l: e(t) = [C:ileo e]*+cano o t (29)

ave (f T) [ ave] +cavee}v(l‘*f) , C:j;hode(t ) [Ccalhode] calhodee (t-1) CaﬂOde(t T) [C:::de] :S:deel(f*ﬂ (30)

ave

&1, =7.1, = 0,7, = 0) = X, ([CE ]+ ™) + ¥, ([C,. ] + ™) 31
VORI *eite”
&(tr =10, =0,7, =0) = W [CIT + W,[C,. T + Y [Cr T (32)

cathode At A(t—7) anode At
+Yc,.. e +Y,c, e +Yic,,. €

We define 2 fixed expression as g; = YI[C:j';hOde] +Y,[C T +Y3[C:fe°de]* thené, (¢,7, =7,7, =7, =0) s

ave

_ _ _ _ cathode At A(t-1) anode ﬂ.t
Etr, =1,1,=0,7, =0) =& + Y,c%" + Y,c, e + Y, ve

é:l (t,’l'l =7,7, = 0 T, = 0) _ Y4([C:3;h0de ]* cathode ﬂt) +Y ([ ave] + Caveeﬂ(l—r)) (33)
‘|‘Y6 ([C:::de] * anodee
&t =7,1,=0,7,=0) = Y, [Cor ] +Y,[C, . ] + Y [Ca]* (34)

cathode lt A(t-1) anode lt
+Y,Ce +Y.c, . +YCove

We define & fixed expressionas&, = Y,[CE™“T + Y[C, T + Y [C*]*then St =1,71,=7,=0)

_ _ _ _ g* cathode ll A(t-1) anode lt
is 51 (t’ L =00, = 0’ 3= 0) - é:l +Y 4Cave +Y 5Cave€ + YG ave .

cathodc anode hod: d
We choose the above expressions for our Gy, (£), Gy (1), Gt (¢) as small displacement ¢, ,com ", ¢ from the

system fixed points attime £ =0 (C, . = C, . (¢), C2"% = C2™% (¢), C™°% = C™* (1))

¢ . dCcathode ¢ ' dCanode ¢
ave( ) caveielt ; ave ( ) — c:j;hodeie/lt ; ave ( ) — C::;)deﬂelt (35)
dt dt dt
cathode anode /1,
ave (t T) —c ﬁel(l_r) , M — Ccathodelel(t—r) , M — C:\I/l;)delel(tfr) (36)

dt ave dt ave d t

Under our specific delay parameters value (7, =7,7, =0,7; =0), we get the following system delay differential

equations (DDEs):
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dCcathode 3 g; ( é:l _ C:j;h()de (l))

2
d t LZ d t Lp

N

+J

pand

dC — _683 (2Cave (t B T) B é:l §3)

ave

dCme 3g)(& - Ca*(O)(1-L, - L))
dt r

n

+J,. The above 51,‘53 expressions are related to our specific case (

7, =1,7,=0,7, =0)¢(t,r, =7,7,=0,7, =0)and &, (t,7, = 7,7, = =0).

—-6242([C,,.T +¢,.e™)

ave

* cathode At A(t-1) anode At
—(& + Y, e + e, e + Y. e (37)

* hode A A de A
dCy. _ —6£)(2C,  (t—17)=& = &) e et = —(& + Y et + Y e, e+ Xpeto et )

dt L L
A(t-7) * cathode ﬂ,t A(t-7) anode /'Lt
—68 {2(] ave] +c,.e )= (& +Y,c. +Y.c, e +Y(Cone )
—(& + X 8%t 1 Y, TV + Y et0eM ) = 602 6&32¢c. M
+682E + 687X e + 687 ¢, MV + 661 e

ave] T Vo ave (38)
3 g* 3 cathode it A(t-71) anode At
+6¢ &, +68. Y )., +6&Y,c, e +6& Y, %

6 2[C,.] —6&)2c,."" " +6£E +6£Y M + 687 c, &M

+H6£) Y e + 668, + 68X et + 60T Cavee“t D 4663 e

3 ave (39)
=-6()2[C,. ] —€)& - E)+6{e)[-2+ Y+ Y, ], .e ™
&)X+ Y Jege ™+ + Yylepe e
We get the following first eigenvalue function:
_6(8 2[ ave] _8351 853)_'_6{8 [ 2+Y +Y ]Cave
Aot = +&) [, + X JeS00% + £2[ Y, + Y ]eo% re™ (40)
ave LZ
6{e)[2+ Y, + Y,]c,.e "
e OEQIC, T —E &) el + Y Je + e[ + X e e 0
ave Ls Li
Since dCye _ —6¢.(2C,. (1 2— )-6-%) , at fixed point (& =0; limC, (t-7)=C, (f)) exists
dt L dt ed
_68 (2ACpe] =6 =¢3) = () and the first eigenvalue equation is
LS‘
. - 6{e)[2+ Y, + Y, e, e T +ENY, + X Jes0% + £2[ Y + Y, Jeinodey (42)
ave L2
(6853[—2 + YS + Yz ]eim _ A)C 683[Y4 + Y‘1] Ccathode 68 [Y + Y ] canode =0 (43)
L2 ave L2 ave L2 ave
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—

We define for simplicity system global parameters: =, =

65)[ 2+ Y+ Y] 6£[Y,+ Y]
L 2T

s s

—
.-
) —

652X+ ,]
T

A

. : . : —_ —Ar = _cathode anode _
then the first eigenvalue equationis (Z,e™"" —A)c, . +E,c,..  +E;che =0.

[1]

3 * cathode A(t-1)
38]7 [(61 + Y4Cavc + Y cavce

h 3 thod
dCy _ 36,6 -G () aanode 5 o _ F Lo €)= ([CR" T + g™ e™)] (44)
= +J, =, Aet = +J
dt LZ P L2 P

P P

382[(§I*+Y C;jéhodeelt +Y caveei(t 7) +Y c:‘r::de lt) ([Ccathode] +c cathode lt)] 38 é;l

(45)
3 cathode Zt A(t-1) anode lt cathode 3 cathode At
+3&, Y e +36‘ Y.c,.e +38 Y, -3¢ [C ] —36,Che €
3 g 3 thode 1t A(t-1) de 21 thod 3 cathode At
3838 +38Y MM 1387 Y ¢, 07T 430 Y (ke — 3l [CIET Bl ot )
=360 (& —[Ca 1) +36)Y ¢, ™7 436 (Y, —Degie e +36 Y chnee™
We get the following second eigenvalue function:
38 (é:l Ccathode] )+38 Y Cave l(t—‘[)
cathode At anode At
cathode At +38p (Y4 - 1)Cave e + 38pY6cave e (47)
Coe A" = i +J,
p
calhodei At 38 (51 C:ath()de] ) J 38 Y caveeﬂ(tir) +3€}37 (Y4 _l)cef\zj;h()de “ +38 Y c:::deelt
Cove e’ = 2 +J, IE (48)
14 r
cathode 3 & Ccathode cathode
Since ACoe (él 2a Q) +J ,atfixed point (dCL =()) exists
dt L, r dt
38 Ccathodc . . .
(é’:l - we 1) +.J = and the second eigenvalue equation is
P
Lp
—-At 3 cathode anode
cathode/l 38 Y Cavee + 38p (Y4 _1)cave + 38 Y cave (49)
ave L2
P
383 e 33 (Y, -1) 38°Y
p-5 P 4 cathode p 6 _anode __
2 Cove T ( P - ﬂ)Cave + 7 Cave — 0 (50)
Lp Lp Lp
3 3
. _— _3eY, _ 32(n,-) 3ng
We define for simplicity system global parameters: =, = — S By ST then the second
7 I3 ,
i i ic ™ At —_ cathode anode _
eigenvalue equation is = e, + (_:5 _/I)cave += B Cm = 0-
3 ([& + Y et 1Y e, 77 + Y e
e 3e,(&-C(0)(1-L, - L) A[Ca ¥ +epeeD-L, - L,) (51)
_ +J

= 5 +J, =M e = ;
dt L L

n

n
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36 ([ + Vi e +0,0,,¢" 0 4 X eltee |- [[Cae* *+eie (1~ L, ~ L,)

=36 (1-L, —L)+3&) Y ¢ e (1-L, — L) +3&, ¢, " (1-L, L) (52)
+36, Ysche e (1= L, — L) =36, [Con®1* (1= L, — L)) = 3&,coe“e” (1= L, - L,)

36,5 (1-L, —L)+3&, Y e e (1L, —L)+3¢, Y ¢, e (1-L,~ L)
+36,Ycime e (1= L, — L) =36, [Co®1* (1= L, — L) =3¢ come“e” (1= L, - L,)

n avc (53)
=36, (& —[Cax®1")(1-L, —L)+3&,Y,c, e (=L, - L)
36, Y o e (1= L, — L) +3&, [, —1cie® e (1-L, — L))
We get the following third eigenvalue function:
36,(& —[Cu® 1A=L, —L)+3¢&, Y ¢, e (1-L, L)
ote s FIE I (=L~ L) +3X[ Y, ~ 1M (1-L, L) (54)
cave /le = A L3 J”
o 5 it _ 36, (& —[Cud® 1AL, ~ L) 3¢,Y ¢, " (1-L, L)
e - L3 Jl’l L3
hode 2 : de A ' (55)
3 cathode At anode At
+38nY Cove (1- L,-L ) 38 [Y;—1]c,. e (1—Lp -L)
L L
anode 3 __ (anode _ _ anode
Since dCave — 38" (§3 Cave (t))(l LP LS) +J at fixed point ( dCave — O) exists
dt L ! dt
3™ anode 7 _ _
38, (5 ~[Coe 3] ) L” L) +.J =0 and the third eigenvalue equation [10][11] is
L "
3 Y,(1-L L 3¢ Y,(1-L L 38, -1]1-L ~L
eie = 2Tl 5 ) g, 4250 e ) s , S5l ]L(3 p =) e (56)
3¢ Y,(1-L —L Y (1= L —
We define for simplicity system global parameters: 2, = AL L ) ;B = 3¢, Y, L” L)
L $ L
3
= = 3¢, Y5 —11d _L” —L) then the third eigenvalue equation is E7e_ e o T EgC :j;h‘)de + (59 _,1)(;:3:‘16 =0.

9 L3

n

We can summary our system three eigenvalues equation with delay parameter (7 ):

. . . — At — _cathode anode _
First eigenvalue equation: (E,e " —A)c, . +E,Che  +EsCoe =0

. . —_ AT — cathode anode _
Second eigenvalue equation: 2,e "¢, . +(Es—A)C,..  +E oo =0

: : : L= AT —_ cathodc anode __
Third eigenvalue equation: Z.e "¢,  +Ecc... " +(Eg—A)ce =

— At —_ —_
(‘:‘le - ﬂ’) ‘:‘2 ':‘3 ave
. . . —_ AT — — cathode | __
The eigenvalue matrix we get is E,e Es-A4) B Cove =0
—_  —AT — — anode
:‘76 :‘8 (:‘9 - 2’) cave
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(Ee " -2) 5, E,
A-Al=| E,e ™ (Es—A) =, ; det(A—AI)=0 (57)
E.e B, (Ey—4)

= At (Es—4) op - E"437}” Es
det(A-Al)=(E,e " =A)det| _ —E,det| _*
B (E,—A) E.e Ey-4) (58)

— —AT —

=,.e -4
+2,det| " ( > )

=.e B

= -2 - - =1 == (= At o= —h
det(A—A)=(Ee ™ = DIE; —ANEy =) —EE - EL[Ey(Ey —A)e ™ —E,Ege '] (59)
_——— =1 —_ = -1
+E8,[EEe T B (BEs—A)e ]
= m_m e = e 2N = omom A gt mm
det(A-AD)=(Ee " - A([EE) —EE - (Es+E)A+ A7) -5, (E,Eje " —E,le " 2,5, ) (60)
+E, (BB e —E e +E e )
— = —_ == -4 — — A 2= - —_—— —_—
det(A-AD) =[EE, -EE = e —(Es+E)AE e "+ A Ee " —[EE, —EE A
HE+ENA - A -EE B +E,E, e +E,EEe T +EEF e -EE e (61)
+E,E e
_—= == = L= 2 _ 73

det(A—A) =25, —EE A+ (E;+EHA" =4
HEE, —EE )8, —E,E,8, + 5,55+ 558, —E.5.5, (62)
+HE,E, — (B, +E)E, +E,E)A+ A’E eV
We define for simplicity global parameters: Q) =[EE, -E=]; Q =E +E;; Q, =E =, —(E;+E5)E +EE,,
Q, =[EE, —EE 8, —E,B,E +5,5.5 + 5,55, —5.5 5.
det(A— Al =QA+ QA" — A +[Q+ QA+E A ]e 5 det(4— A1) =0 (63)

The general characteristics equation is D(1,7) = QA+ QA% =2’ +[Q, + QA +E 17 ]e™* We study the
occurrence of any possible stability switching resulting from the increase of value of the time delay 7 for the general

characteristics equation D(A, 7) [12][13]. The characteristics equation is D(4,7)=P.(4,7)+ AT e%r; the expression
q q n m p

for P (A,7): P(A,7)= z&"p,{ (7). The expression forQ, (4,7): 0,(A,1)= Z},qu (7). The characteristics equation is

k=0 k=0

n=3
D(/I,T)Zﬂ(ﬂaf)"'Qm(/%,T)eih where n=3, m=2and % > m , The expression for P (A,7) Pn(/LT):Z/lkpk(T); Dpo(r)=0
k=0

m=2
; p(0)=Q,, p,(7)=Q,; p,(r)=-1. The expression forQ (4,7): Qm(ﬂ,f)=Zﬂqu(r)i 2. (D)=, ¢()=Q,,

k=0

anode
Ccathode , Cave

q, (r)= =, . The homogeneous system for C leads to a characteristic equation for the eigenvalue A . (1) If

A
A=jo, @ eRthen P(jw)+Q(jw)=0,(2) giﬂ; is bounded for |,1| — o, Re A > () and no roots bifurcation from

0, (3) F(w)= ‘P(]a)) |2 —‘ O(jo) |2 has a finite number of zeros. Indeed, this is a polynomial in @, (4) Each @(q,,q, ) of
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F(w) = 0is continuous and differentiable with respect to 4;, g, .

n=3 m=2
P (A= jo,7) =Y A" p (1) =-Q,0" + j(0' + Q) ; O, (1 = jw,7) = > g (1) = -0’ + jQ (64)
k=0

k=0

F(w)= ‘P(Ja)) ‘2 _‘ O(jo) ’2: (_Qza)z)2 + (w3 +Qla))2 —[(Q, _:1a)2)2 + (Q4w)2] =’

(65)
+2Q, + D)o + Qo —[Q: -2Q.5,0° +Ej0' + Qi0’ ]
F(@)=|P(jo) [ -|0(jo) =0 +(20Q,+Q)o* + O}’ -} +2Q.5,0° ~Elo* - Qjw’ (66)
F(@)=|P(jo)[ -|0(jo) [ = o +[(2Q, + Q) - E o +[Q] + 20,5, - O}’ -} (67)

3
We define @, = -Q3; @, = Q] +2Q.5, —-QF; ®, = (2Q, +Q2)~E; O =1. F(@) =0 implies Y ,, 0™ =0
k=0
3

. Its roots are given by solving the polynomial (Z(IDZka)Zk =0). P.(jo,7)= _Qza)z’ P (jo,7)= @’ +Qo
. _ . k=0
Or(jo,7) =Q, _“10)2’ QI(Ja)’T) =Q0.

sin@(7) =sin@(w7) = g(w); cos@(r) =cosO(w7) = h(w) (68)

sin O(z) = B (jo,7)0,(jo,7)+ F(jo,7)0; (jo,7)

69
| 0(jw,7) [ (69)

cos(r) = LU0 (j@:7) + P (jo,7)0, (je.7)]
|0(jo,7) [ )

3
The above SiN &(7) and cos O(7) expressions are jointly with F(®@)=0= Zq)sz‘)Zk =0. Eigenvalue A =0is not
k=0

a root of the characteristic equation. Furthermore, P(A), O(A)are analytic functions as the coefficients in P and Q are
real. We have P(—ja)) = P(]a)) and Q(—]a)) = Q(]a)) thus 4 = jo ; o> 0 may be an eigenvalue of the characteristic

equation [14][15]. The analysis consists of identifying the roots of the characteristic equation situated on the imaginary
axis of the complex A plane, by increasing the parameters € » LS sEps Lp s €5 Ln 5 Jp ) J,, Jorny Re A may, at the crossing, change
its sign from (-) to (+), that is from a stable focus E’ to an unstable, or vice versa. This feature may be further assessed by

examining the sign of the partial derivatives with respect to &, L, €, Lp ,€,,L,, Jp ,J, parameters. Upon separating into
real and imaginary parts, with P =F, + jF;; O0=0;+JjO;and P, =Py, + jB,,;: O, =0, +jO,,: P’ = P; +P,2.

When (¥) can be any Lithium-ion batteries solid-phase electrolyte concentrations system parameters
ES,LS,EP,LP,E,,,L,,,JP,J,, , ...and time delay parameter 7 .

F

Fw = 2[(PRwPR + P[wPI) - (QRwQR + Q]wQ1 )] ) F; = 2[(PRxPR + P1xP1)_ (QRxQR + Q[ij )]: o, == Fx (71)

@

We choose our specific parameter as time delay X = 7 then P, = —Qza)z; P = o + Qw; Op =Q,— Ela)z, 0, =Q0

. The related derivatives are Fy, =2, ; P, = 30 + Q; O = 25,0, 0, =,
F = 2[(PR1PR + PJTPI) - (QRrQR + QITQ[)] = 0; V= (PRPIr - PIPRT) - (QRQ[T - Q[QRr) =0 (72)
U=(HKE, PR, (0:0,-0,0,) (73)
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U=(-Q,0' 30" +Q,]+2Q,0° [0 +Q,]) - (Q,[Q, —Z,0° ]+ 2Q,E,0°) (74)
U=-Q,0 30" +Q,]+2Q,0°[0” +Q,]-Q,[Q, - E,0° ] -2Q,5,0’ (75)
ow [ F
By differentiating (@, 7) with respectto 7 ,weget F —+F =0; 7€l =>—=—
“or T ot F,
6Re/1 ow F =2IU +7|P
N@=C8h), S0 =Ly mre AU P -
; 0T F 5 F+]2[V+a)|P|] (76)
@
U—_—+V
sign{A”'(r)} =sign{F, }s1gn{r—+ a)+|6P—|} (77)
F=029_p - _o
Since” 7z ~ 35—60, T F B*” Vand V=0 thensign{A~'(7)} =sign{F, 'sign{w}. The following (

sign {A (r )}) examines the possibility of stability transitions (bifurcations) Lithium-ion batteries solid-phase electrolyte
concentrations system, about the equilibrium point E* as a result of a variation of delay 7 . We identify the roots of our system
characteristic equation situated on the imaginary axis of the complex

A plane whereby increasing the delay parameter 7, Re A may at the crossing, change its sign from - to +, that is from
a stable focus E’ to an unstable one, or vice versa. We get the expression for F'(®,7) Lithium-ion batteries solid-phase
electrolyte concentrations system parameter values. We define those ;T yalues which fulfill F (w,7)=0. We ignore
negative, complex, and imaginary values of @ for specific 7 values [16][17].

Lithium-ion batteries solid-phase diffusion Approximations, transient response, electrolyte concentrations
characteristic equation T,=1,=0, T,=T

We get the expressions for & =& (¢,7, =0,7, =0,7, =7) and &, = &,(¢,7, =0,7, =0,7, =), then

& =Y \Cn " () + 1,C, () + O (1 —7) (78)

ave

E=Y,CEC )+ Y,C,. () + Y ,C(t 1) (79)

ave
The standard local stability analysis about any one of the equilibrium points of Lithium-ion batteries solid-phase electrolyte

Ccathode Canode . . . .
concentrations system consists in adding to coordinate [C,,.,C.. ,Cus " ] arbitrarily small increments of exponential

cathode anode cathode _anode

2
form [CoesChe  sCave 1€ and retaining the first order term inc, .,Co, . »Cos - The system of three homogeneous

equations leads to a polynomial characteristic equation in the eigenvalue A [18][19]. The Lithium-ion batteries solid-phase

cathode anode] At

electrolyte concentrations system fixed values with arbitrarily small increments of exponential form [¢ | ,
ave ave ave

are k=1 (first fixed point), k = 2 (second fixed point), k = 3 (third fixed point), ...

Cpoe (1) =[Cpp. T+ ot (1) = [Cot™*+ciaro®e™ s Cui (1) =[Coe 1* +cii e (80)
Co(t=1)=[C ]+, (=)= [CR T+ e ™™, e (=) = [Cle ]+l (81)
E, = Y ([CEM ) e ) 4 Y ([C ] 0™ ) + Y ([C0 #4000 7)) (82)
&(1,1,=0,1, =0,7, =7) = Y [Co“T + Y, [C,.. ] + Y, [Come]* 83)
Y, 1 Y e, et + Yot
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We define S fixed expression as 953 = Cacjéh()dc] +Y2[Cave]* +Y3[C:::d°]* then&,(t,7,=0,7, =0,7, =7) is
E(tr,=0,7,=0,7, =7) =& + Y il + Y, 0" + Y ciete
cathode cathode _A A
51 (t’ Tl = 0’ TZ = O’ T3 = T) = Y4([Cavé ]* . ¢ t) + Y ([ ave] +cavee t) (84)
anod: anode _A(t—7
+Y6([Cave e]*_'_cave ee ¢ ))
805 =05, =05, =0) = XG4 X G, + TG (85)

cathode anode ﬁ(t 7)
+Y,c MY, et Y et

4™ ave

Y, [CEMCT +X,[C,, ] + Y [C%]*then & (2,7, =0,7, =7, =7)

We define &1 fixed expression as 51* =

. _ _ _ _g* cathode lt anode /1(1 r)
is &(t,7,=0,7,=0,7, =7)=¢& +Y,c,.. +T cavee "+ Y e
cathode _anode

We choose the above expressions for our C““h"de (0),C,..(1) Cajc"de (¢) as small displacement "¢’ "ae  *"av  from the

system fixed points attime ¢ =0 (C,,, = C, (1), Con™ = Co™ (1), Ce™ = Ce* (1)),

thod nod
Fonll o e AT _ oo} IGO0 _ s 6
t t

dCanode t—T B
ave ( ) — c:\t/l:de/lel(t 7) (87)

-7 thod
ave( ) =c lel(tff) , dc:je © c(t _T) _ cathode/l At-1)
————————=¢ e dt

dt

Under our specific delay parameters value (7; =0,7, =0,7, =7 ), we get the following system delay differential

equations (DDEs):

dC,. _—68)(2C, (1)=& —&) dCu™* _38,(5 - C™ (1)
dl L Codt L

s

+J, and

dCI 36)(E ~C (- )1-L, L)
;V; = S IE = +J, [20][21]. The above S, &, expressions are related to our specific

case (7, =0,7, = =7),&(t,7,=0,7,=0,7, =7) and &,(¢,7, = 0,7, =0,7, = 7) .

—-62{2([C,..] +c,.e™)
_(é:] + Y4Ccathode + Y cavee + Y C:\l::de A(t— 1))

ave

dCave _68 (2 ave (t)_é:l _§3) =c Aelt — _(53)k +ch:j;h0de +Y cavee +Y c:\]::de o T))} (88)
dt L L
* At * thod /?.t de A(t-71)
652 {2([C,..] +c,.e™)— (& + X % + Y cavee "+ Y et )
cathode anode l(t 7)
—(§3 +Y,c. MY cavee g SYe )} = ave] —68 2c,, e
(89)

3 g* 3 cathode lt 3 anode l(t 7)
+65.& +6£. Y C,.. +6& Y, e +68 Y

3 g* 3 cathode /1t anode A(t-7)
+6¢ &, +65. Y C,, +6£7Y,c, " +68 Y e
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_68 {2([ ave]*+C e/u)_(gl*_i_Y C:jzh()de /1t+Y Cavee +Y c:\r}l:deel(t—r))
(& X + T X ) = <682 C, T~ 28

+6{e) 2+ Y+ X, e, + &Y, + X, 1eM% + £7[ X + Y, ] e * e

We get the following first eigenvalue function:

—6(&)2[C, I —&)& —&)&)+6{e][-2+ Y5+ X, ]e

L +‘95 [Y4 +Y1]Ccathode +<9 [Y +Y ]Canode 7/11}6/%

ave

cC vele ave Lz ave
642+ Y, + Y, ]c,..
o et — —6£)(2[C,..] —& —&D) N +E[Y, + X JeS0% + £2[ X + Y lco%e e
ave LS Li

dC : anode __ gvanode
Since dC,,, —68 (2C, (1)=& —&,), at fixed point (ﬁ =0; }l_f)g Co%(t-1)=C." (l))
dt L >

N

_68 (2ACpe] =6 =¢5) = () and the first eigenvalue equation is
L

A

ave

. 6 [2+ Y, +Y,] 65 [+ Y] camode 63 Y, + X, Jemoke 4
C ave - L2 C ave L2 aVe L2

6 [-2+ Y, +Y,] ~ e
Lz ave Lz ave L2

S S

6‘953[Y4 +Y1]Ccath0de 6‘9 [Y +Y ] :\f/l;)de A :O

(

6 2+ Y, +Y,] = _ 68, +Y]
L2 ;=2 T Lz

s s

[1]

We define for simplicity system global parameters: =, =

6 [ Y, +Y,]
T

N

— _cathode — _—Ar anode __
+E,¢ +Ee “'c,,. =0.

ave

[1]

then the first eigenvalue equationis (2, —A)c, .

3 * thod
3‘91) [(51 + Y4Cz:je ° e + Y Cavee

hod _
dC:j;hOde 38 (ér;] C:at 0 e( )) ; CathOde/I a +Y6c:$§deel(t r)) _ ([C:j;h()de] + cathodee )] J
2 + » = Coye e = 2 + »
dt L L

P P

3E3[(E + YL+ Yoe, o+ X emioe )~ (Co  +ciiiee )] =36

3 cathode At anode ﬂ.(t 7) 3 cathode 3 cathode At
+36, Y Cpe +38 Y cavee +38 YoCoe —3¢,[C, I -3¢ e

p ave

3 g* 3 cathode ﬂt anode i(t 7) 3 cathode 7* 3 cathode At
36,6 +3e,Y,c +38 Y., e +38 Yoo =3¢, [C. ] —3&,¢ e

ave p —ave

_ 38 (51 Ccathode] )+ 38 Y cavee + 3gp (Y4 _ l)ccathode At + 38 Y canodeel(t—‘r)

ave ave

We get the following second eigenvalue function:

(90)

(91)

(92)

exists

(93)

(94)

(95)

(96)

(97)
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38 (é:l Ccathode] )+38 Y cave

cathode At anode A(t-7) 98

cathode 1 a1 +35p (Y,=Dc,. e+ 38pYécave Cyie€ (98)

Coe A" = 5 +J
L p
P

cathode 4 At 3, (é:l CcathOde] ) 3€;Yscaveeh + 352 (Y, - l)cx;h()deeh + 3821-66:3:&61(:4) (99)

ave dccathode 3¢ ( ép Ccath‘)de (t)) dccathode Li’
Since —* +J, , at fixed point (—2¢— = () ) exists

dt L dt

35 (§1 Ccathode )

avi

+ J,, = () and the second eigenvalue equation is

2
Lp
3 3 cathode anode -Atr
cahode ;) _ 3¢, Y, +36, (Y, =Dy, + 38 Yoo e
ave 2 (100)
3&Y 3&3(Y, -1 po 38X
p2 5 . +( p( 24 )—l)c.:jzh()de + p2 6 c:\r]l;)de -AT 0 (101)
L L L
p p p
=3 3e(Y,-D) 363Y
We define for simplicity system global parameters: =, = /1L ; By = L—2 ICHE P _© then the second
eigenvalue equation is — = cathode | = anode ,~A7P_ P L
& q Zi4Cave + ('_‘5 - /1) ave + '_‘Gcave =0 ’

3 * calhnde anode /l(t 7)
3¢ ([& + Y e + Y, " +Yic ]

ave

B} 102)
anode 3 3 Canode _ 1—L —L Canode anode A(t-1) l—L —L (
Lo i (ts L, S)+J,,:>c§35dexle"’= G 1" e ]3)( =t +J,
dt L L
since &,(t,7,=0,7, = =7)=& + Y ¢S + X, et + Y ettt
383([§;+Yc:32h0de At +Y cavee +Y C:\I/l:de A(t— ‘r)] [[Canode]*+canode A(t— ‘r)])(l L L)
=338 (1= L, — L)+ 36X, e (1= L, — L) +3& Y e, e (1= L, — L)) (103)
+3e, Y scme e (1= L, — L) =36 [Cac® 1*(1- L, — L) =3&,conee™ ™ (1~ L, ~ L))
36,5 (1-L, —L)+3&, Y e e (1= L, - L)+3¢,Y ¢, " (1-L, - L)
+36, Ve e (1= L, — L) =36, [Cad“1*(1-L, — L) =3&,cpee” " (1-L,— L))
3 * anode 73k At (104)
=3¢, (& —[Co® 1) (1L, — L) +3& Y ,c e (1L, — L)
+3e, Y o e (1L, — L) +3¢,[ Y5 —1]cie e (1-L, — L)
We get the following third eigenvalue function:
36, (& —[Coud® 1)1 -L, —L)+3&. Ve e (1-L,— L)
+33Y ¢ (1= L — L )+3&)[ Y, —1]c™ e O (1-L —L (105)
canode/leﬂt — ave ( P x) L}n[ 3 ] ave ( P s) +Jn

n
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Canodeﬂ’e/lt _ 38 (53 C:mde *)(1 L L ) J 3€3Y Caveelt(l_Lp _Ls)

3 n 3
L, L, (106)
3e,Y e e (1L, — L) 3&,[Y, -1l e ™ (1-L, - L)
+ 3 + 3 ‘
Ln Ln
anode 3 Canode t 1 L L anode
Since dCy i (é O ) +J, , atfixed point (dci = () ) exists
36 e a-1, - L, dt
3 =0 and the third eigenvalue equation is
L
3 3 3
Canodei _ 3gn YZ (1 - Lp - Ls) c + 3'S‘rzYl (1 - Lp - Ls) cathode + 38n [Y3 B 1](1 B Lp - Ls) e—lrcanode (107)
ave L::, ave L:jl ave L::l ave
_ 3eY,(1-L,-L) _ 3gY,(1-L,-L)
We define for simplicity system global parameters: =, = I ; g = I

3e)[Y, -1](1-L, - L,
9 = JE

We can summary our system three eigenvalues equation [22][23] with delay parameter ( ):

[1]

s s . s anode 9 _ ™ — _cathode | — —Ar anode
then the third eigenvalue equationis c,. A =Z,c, . +E¢Core  +Zq€ o

—_ = _cathode — _—Atr _anode __
First eigenvalue equation: (£, —=A4)C,. +E, ¢ +Eze “cpe =0

_/1) cathode anode —-At — O

Second eigenvalue equation: =4Cye + (Es we T E6Cve

. . . anode 9 _ = — cathode |, —m —Ar anode
Third eigenvalue equation: ¢, .~ A =Z.c, . +EC +Ze T C,.

E-A) E, Ee Cave
—_ - - A hod
The eigenvalue matrix we get is =y (Es—4) Eee C:xoe =0
= = - -2
E, Eg E,-A)e ™ ot
— — L) —ﬂ.l’
E -4 =, e
— = = _ = AT
A-Al= Ey Es-4) Eqe s det(A—AT)=0 (108)
— — AT
=7 =g (By —A)e
E,-4 e B B
det(A—Al)= (5, —A)det| ) (= 6/1) . | T B, det ! (= 61) .
= =2, —A)e 2O (E,—Ae
8 9 7 9 (109)
2, (E.-4
+E3e”” det _4 ( 5_ )
e B
- - - N S R PR dr == a
det(A—Al)=(E, - DE; - A)(E, - e " —EEe "]-E,[E,(E,—A)e " —E,Ee ]
— AT — — —
+Eye T [E,5 5, (s - A)] (110)
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det(A— A1) =(Z, - AD)[(EE, —AE+E,)+A7)e " —EE e ]

86
—_—r——_ AT — —-Ar —_—— A7 —_ At = —— — (111)
—5,[E,Ee " —E e —EEe T+ E e T[E,E —EE, +E,4]
det(A—Al)=(E,EE, — A5, (B, +E,) +E e —EEEe ™
~AUEE, ~AUE,+E)+AN)e T +EE e ~EE FEe (112)
+8,2, e +EEE e +EEE e -EE e +E E e

=86

D J AT (m = N2, 33 At == g A ===

—EE e T+ (B +E )AL e T = Ae T+ EEAe T -5, B, Ee (113)
—_— AT —_——_- AT —_—— AT —_——_ =T —_—— —AT

+E8, 85, e +E. 5.5 e " +E,EH,e " —BE Ee " +E8.5, e

det(4- A1) =[EEE, - E,5,E, —~E 55, + 5,55, + 5,55, -E5,5; (114)
— —_—— —_—— —_ = — — — — 2 39 At

H(EEG+HEE, +EE, —EE —E EAHENDA+(E+E,+E DA A ]e

We define for simplicity global parameters: Qo === =

[SsSg TEg Ry T B S TR BB TR Rty T B Sy
Q =5 +E,8,+5.5, -85, —El(.3E5 +50); Q=5 +5,+E; Q, =1
Then we get det(A—Al)= [Z Qkik ]e_m; det(A—A1)=0- the general characteristics equation is
k=0
m=3 p 2 m=3
D(A,7)= [Z QA" e ", 0, (A,1)= ZQkﬂ,k . We study the occurrence of any possible stability switching resulting
k=0 k=0

from the increase of value of the time delay 7 for the general characteristics equation D(A, 7) . The characteristics equation
is D(4,7)=P (4,7)+ 0, (4, 7)e™*"; the expression for £,(4:7)is equal to zero: BAT)=0 e expression for Q (A,7)

: Q,(4,7)= Z/lqu (7). The characteristics equation is D(4,7)=P,(4,7)+0,(4,7)e”" where P,(4,7)=0 ,m =3 then
pany

Q,(A,7)=¢,(r) Vk=0,1,2,3. We get characteristics equation is D(1,7)=0Q, (A,7)e”*". The P, (4,7)=0 then the
-At
characteristicequationisreduced to Qm (j’a T)e =0 Since e " £ 0for any finite eigenvalue A therefore the characteristic

equation can only be satisfied if O, (4,7) =0. Thus, when P (A,7) =0the delay term (7 ) not determine the characteristic

roots. The roots are simply the zeros of O (A4,7) [24][25]. For any finite complex value of/l, the exponential term 6_/”

can never equal to zero [e_h # 0). Therefore, the roots of the system are entirely determined by the algebraic equation

Qm (Z) . We can analyse stability using standard polynomial methods (like the Routh-Hurwitz criterion) on Qm (ﬂ,) =0

m=3 m=3
. To analyse the stability of a third-degree characteristic polynomial Q (4,7) = z/lqu (r)= Z Qkﬂ,k, we use the Routh-
k=0 k=0

Hurwitz criterion. A system is stable only if all roots
m=3

k
(A) have negative real parts. The third-degree characteristic polynomial is Q(i):kgogk/l,

m=3
o) = ZQk/ik =Q,+Q A+ QzﬂvZ + Q313 , we assume the leading coefficient £2; >0 (since Q, =—1, wemultiply the
=0
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characteristicpolynomialby (-1)andgetthenewglobalparameters: ) = -E 5.5, + 2

—
(=
i

[1]

Py T O R TR Ry Rg TR R Ry R

’

—

S tE(EsHEy); Q, =—(E5+E, +E)); Q; =1. Now leading coefficient (2, > 0), all

[1]

Q=-EE-EE-EE +

other coefficients mustbe strictly positive: Q, >0, Q>0 ,and Q; >0 (necessary conditions). The sufficient condition (stable
system) is Q,0,>0.0, [26][27][28]. If all conditions are fully met the system is stable. If any condition fails or a coefficient

is negative (Qk <0Vke {0, 1,2, 3} ) then the system is unstable. We get marginally stable system if £2,€2, = €2,€2 while

all coefficients are positive. A marginally stable system is defined as a dynamic system that neither grows infinitely nor
settles down to zero when given a finite push or input. Instead, the system produces continuous, un-damped oscillations or
a permanent, bounded offset that lasts forever. If we want to inspect the system stability from eigenvalues ( 4's ) then an
unstable eigenvalue will have a positive or zero real part and a stable eigenvalue will have a negative real part. We inspect if
any of the coefficients are negative or zero. If so, there is at least one value with a positive or zero real part which refers to an
unstable node [29][30][31].

Discussion

We know when we use Lithium - ion batteries that there is a risk of overheating, catching fire, or exploding. It can be
happened if the Li - ion batteries are damaged, overcharged, or are resided in high heat environment. Also, the Li - ion
batteries slowly lose capacity over the years. We define the battery degradation factor when they exposure to high heat or
keeping the battery at 100% which shortens their overall lifespan. The Li - ion batteries are steel popular in many applications
due to the long lifespan, exceptional run time and fast charging ability of high energy density Lit - ion batteries. Nonlinearity
is a critical behaviour when we inspect Lit - ion batteries deeply and additionally parasitic behaviour are involved in the
dynamic of the battery. The key Lit - ion components include positive electrode, separator, and negative electrode [32][33].
All Lit - ion batteries components are characterized by plenty of parameters such as thickness, porosity, tortuosity, particle
radius, solid diffusion coefficient, mass loading. The key parameters of Lit - ion separator are thickness, porosity, mean
pore size, puncture strength, wettability, thermal shut down and stability. The Lit - ion battery is also evaluated by state -
of charge (SOC) and state - of - health (SOH) estimation. When we know the battery real - time state and parameters info
then inspection of the battery at limits without compromising durability is possible. The Lit - ion electrochemical influences
the SOC and SOH estimation. The electrochemical process at Lit - ion battery describes the situation where lithium ions
shuttle back and forth between a positive cathode and a negative anode. It is done via an ion conducting electrolyte and
generate electricity through reversible reduction - oxidation reactions. The active materials which are selected for lithium-
ion battery (LIB) need to have good electrical conductivity, ionic conductivity and cycling stability. Additionally, they need
to have reversible capacity and low cost. We need to use non - aqueous electrolyte, as lithium has an interaction with water
molecules which leads to safety issue. Typically, lithium - salts (LiPF6) dissolved in organic liquid. Typical organic liquids
are ethylene carbonate (EC), dimethyl carbonate (DMC) or diethyl carbonate (DEC) which are used as electrolytes [34][35].

The current Lit - ion battery DDEs model is restricted to electrolyte concentration dynamics only. We define lithium - ion
cell battery Hopf bifurcation induced self - sustained oscillations as a representation of nonlinear dynamic behaviour. The
nonlinear dynamic behaviour happened when the stable operation state makes a transition into voltage and temperature
periodic fluctuations. The phenomenon actually happened under high - stress operating thresholds. The high - stress
operating thresholds can be thermal runaway precursors or an extreme current rate. It is governed by structural time delay
parameters and negative differential resistance (NDR) which itis within the cell chemistry. Lit - ion battery standard operation
behaves as a damping system where possible perturbations are decayed back to an equilibrium steady state (stable fixed
point). If we change the system control parameters such as current density, internal degradation or ambient temperature and
their values are beyond specific threshold values then can happened a nonlinear system phenomenon. The nonlinear system
phenomenon is related to a pair of complex conjugate eigenvalues of the battery governing electro - thermal state equations
which cross the imaginary axis into the right - half plane. The crossing phenomenon is defined as Hopf bifurcation which
stable operating point moves to unstable state and a periodic limit cycle emerges. In that case the Lit - ion battery state is no
longer stabilizes and instead enters to continuous state, it is self - sustained oscillations.

Conclusion

A Lithium - ion (Li - ion) battery is used as a rechargeable energy storage device which is uses lithium ions. The battery
lithium ions are moved between a cathode and an anode. The battery anode (negative) is made of graphite and it releases
or holds lithium ions. The battery electrolyte is made from liquid or gel which lets ions to move back and forth. The battery
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separator is a thin porous film that blocks electrons from causing internal shorts while letting ions pass. We get from Li -
ion battery high energy density (more power in less space), low self - discharge (retains charge when not in use), and no
memory effect since there is no need to be fully emptied before recharging. Battery electrolyte concentration is the key
parameter when we want to define the battery performance [36][37]. The pore wall flux is a very important parameter
value regarding the battery negative and positive electrodes. The Li - ion battery pore wall flux ( j;; or J ) is defined as
the volumetric transfer rate of lithium ions across the solid - electrolyte interface per unit area. It is the key source term
regarding the porous electrode mass - conservation equations. We have key variables when defining Li - ion battery. The
key variables are Cave,C:jéhOde ,and Cov) ¢ which describe the electrolyte concentration which are volume averaged over
the respective region. The Li - ion battery rate equations (DDEs) give the battery transient response dynamic and integrate
the parasitic effects of the battery dynamic. The parasitic effects are described by delay parameters in time 7, 7>, and %3
. We discuss the stability of our system for the cases of shifting in time the C,,, variable (C,..0)>C, . (t—1)) C:j;h"de
variable (CS™% (1) — CE°% (¢ — 1)), and ™ variable ( (anode () > C™* (¢t —7) ). The time delay parameter (7 ) is
varied and influence the system dynamic and ngﬁ)ility. The Li - ion rate equaé}cvieons (DDEs) include many battery parameters
which influence also on system dynamic and stability. The Li - ion battery parameters describe the solid phase diffusion

approximations [38][39]. z1_’he Li - ion battery rate equations (DDEs with Cave,C:j;hOdc , and C:::dc variables) with delay
parameters (!, "2, and 3) are for different cases establish the system stability by analysing how past states influence

current changes. The Li - ion battery system stability is dependent on transcendental characteristic equation with infinite
roots or through energy - like functionals. If all characteristic roots stay in the left half of the complex plane the delayed
system is stable. We get characteristic matrix determinant set to zero, containing exponential term (¢ #?). The delay
differential equations (DDEs) have a finite number of characteristic roots (A ) and is asymptotically stable only if every
root has a negative real part (Re(ﬂ,) < (). If even one root crosses into the positive right - half plane (Re(g) > () then
the system becomes unstable. We use Beretta and Kuang stability switch criteria which is used to find changes in stability
(stability switches) and Hopf bifurcations in delay differential equations (DDEs). The system parameters are dependent on
the delay parameter (7 ). The roots of transcendental characteristic equations are linked to the frequency and size of the
time delay. We need to track the imaginary roots for determining when purely imaginary eigenvalues cross the imaginary
axis as a time delay parameter (7 ) increases. The crossing direction uses the sign of the derivative of the roots with respect
to delay parameter (7 ). All of that for proving whether a system switches from stable to unstable, or vice versa. Zero roots
(4 = () are never a characteristic root of the system and also roots cannot bifurcate from infinity as delay changes. Mostly
there is finite crossings which are finite number of frequency intersections for any given delay threshold [40][41]. For
P.(A,7) = 0 (characteristic equation) the delay term (7 ) not determine the characteristic roots. The roots are simply the
zeros of O, (A,7) and the stability is inspected by Routh-Hurwitz criterion.
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