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Abstract

For the first time the complete solution of the time-dependent Vlasov-Boltzmann kinetic equation is used to describe waves in a plasma bounded by a
cylindrical wall. The dependence of the distribution function (as a general solution of the kinetic equation) on the spatial coordinates is taken into account.
A special case of conditions confining plasma in a cylindrical tube is considered analytically.

Introduction

Solving the time-dependent Vlasov-Boltzmann kinetic equation without collisions usually comes down to considering two characteristic equations
- the equations for spatial coordinates and for the velocity. Until now, the main attention in published papers has been addressed to the solution of the
characteristic equation for velocity - leading to the distribution function for plasma particles. The characteristic equation for spatial coordinates remains
unattended. In the manuscript, for the first time, an attempt is made to use the spatial dependence of the particle distribution function for the description

of plasma problems.

Apparently, the present paper is the first attempt: 1) to include spatial dependence in the solution of the Vlasov-Boltzmann kinetic equation and 2) to
analyze analytically the propagation of longitudinal waves in a cylindrical tube filled with plasma, when the waves propagate along the cylinder axis.

The analysis is carried out within the framework of a characteristic model of conditions for spatial restrictions on the behaviour of plasma. At present,
there appears to be no research describing the spatial behaviour of plasma based on directly analytically solving the Vlasov-Boltzmann kinetic equation. The
model described in the present manuscript represents and completes an analytic solution of the Vlasov-Boltzmann kinetic equation for electrons and ions.
Features of the interaction of plasma particles with the tube wall (reflection, absorption, ...) are so far beyond the scope of this publication.

The paper is organized as follows: in the section 2 the complete solution of the Vlasov- Boltzmann kinetic equation for electrons and ions is analysed;
section 3 is devoted to the analysis of the particle distribution function (DF) on velocity and spatial coordinates; plasma waves in a cylindrical tube in section
4 are considered; the propagation of the waves near the axis (section 5) and not far from the wall of a cylindrical pipe (section 6) is described.

Solution of Vlasov-Boltzmann equation

We start from the collisionless kinetic equation [1,2] for electrons and ions,

%=%+v%+ﬂ{ﬁ+[ﬁx§]}d—f=o.a:e,i 1)
dt ot o mgy ov

For ions we assume and for electrons z, =—1. For the solution of Eq. (1) we generalize the method introduced in our previous work [2]. Using well-

known relations with vector and scalar potentialsé:[ﬁx}i(f,t)], and definitions of the following operator, for the expression of the force in the last term of
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Lower limits of integrals will be determined by the assumption that the electric field is switched on at the initial moment ¢,. Introducing the notation,

E(.0)+ L[5 x B(.0)|= - %{}dﬂ{%ﬁ(?,t’ﬁ w(r,/)}} + )

570)= [ar - EGr), 3)

the kinetic equation (1) acquires the form

e, 5% +i-£§(it)-%—[vi-Vzaeg‘(f,z)]-%zo. “4)

ot o d m, m, ov
.. z,e .
Afterwards, it is convenient to introduce a new velocity variable, W=V ——* S(V,l‘) (V=w+ Za¢ Z‘(F,t)), which implies the change of derivatives in
m
the equation (4): “ Mo
of (t,F,v of, \t,F,w) 0O z,e of \t,7,w
Vo (67) | o (7. ) g()f( ) )
ot ot ot m, ow
PoltF¥) | FFR)_ 0 zee i ) HoltrF ). (6)
or. or, or. m, ow

Using the relation again the equation (4) results in:

of, . z,e .. \Of, ze 0 ze (O, . of,

=L 4w+ g(r,t & —ow, +—2—g,(r,t);——¢,(F,t)- =% =0, (7) or in compact form Z«  [f . |=0, (8)

ot { ma( )}5;’ ma( )arma ( )Ow Bt["f”]
where [, f]= oH,, (¢, 7,%).%_8Ha(t,17,ﬂ/)'6f7a 9

ow or or ow
is the Poisson’s brackets defined by means of the kinetic energy,
2
Ha(z,z?,ﬁz)=l{ s Ze ~(t,;)} _1.0) (10)
2 m,

In the following, for shortening, we sometimes use the notation#, (:). The characteristic equations for Eq. (8) read

dw __0H,(t.F. %), (11)
dar or

di _OH, (t,7,W) . (12)
dt ow

Further calculations are carried out for the characteristic equation only. Results for the characteristic equation for the coordinate 7 (see equation (12))
can be obtained by simple change of notations. From equation (11) we obtain

ﬂiiij-dt,ﬁHa(t,r,w):

dt ot oF
7ijdt,6Ha(f,F,ﬁ/) ( )Id,aﬂ (7.7 w) (dl 0 ]jdt’aH“("’F’w) -
dt oF dt oF oF dt ow oF
o dp g AH(0) (dH(0) 0\ At (1) ; 13
dtfd oF [ dw  oF I oF i Ew jd ’ (13)
Introducing the operator
{i }:iiJ,@i:
b dror  dt ow
_OH, (7. W) o OH,(tLF.W) o (14)
o oF oF ow

and continuing the transformation made for obtaining Eq.(13), we obtain

dv__d ,aH() g O t)
dt iR #licfJa oF
di OH(0) dt o ont WOH () ot o O
:—Ejdt 67( )+E_[dt<{ta}jdt B;( )—{ta}.[dt-{t"a}.[dt af( ).... (15)

Last term in the right-hand (rh) side of Eq.(15), by analogy to preceding terms, can also be transformed to the form with the full time derivative. The

similar procedure can be realized for all subsequent terms. In consequence, we obtain the expression for the first constant of integration for Eq.(1):

SN PPLA G PR TR PRGN PORTAT PR LA G (16)
N
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I dr' |t ( dt dt dt” (IIV)
_I { ,1} I J I 7r+ ..............
Using the transformation of integrals
[ar'[ar..~[ar|dr... (17)
and after calculations given in Appendix A, the expression (16) acquires the form

Ua—varjdt’{ljdt”~{tg}+;{jdt”<{tg}} —é{jdt’“{tg}} +}6H(;W) (18)

Expression for the second constant of integration can be obtained by means of a change of variables in equations (12), (13), and (18):

2 3
" /! 1 0 " " 1 [ " " aH t’ Fow
= —jdt 1- Idt +2{7[dt o{za}} _6{;[dt -{ta}} T % (19)

Expressions (18) and (19) represent expansions of the following relations

UC,:mjdt'iHa t',f—jdt"w,mjdt"w : (20)
or ! ow ’ or

[ PRI P AL A AL IdﬂL HGsAu] 21
ow g ow OF

By direct substitution, one can easily be convinced that the expression,

fa =f;,{ﬁa(ffﬁ)ﬁa(ffﬁ)}' (22)

together with Egs. (20) and (21) is the solution of the Vlasov-Boltzmann kinetic equation (1). Indeed, from Egs. (8) and (9) we can construct the identical

equation:
o, [oR, ,ott, ok, o, ok, o, [oU, oM, 20, oH,oU,| @3)
R, ot aw oF  oF ow ot ow or or ow

+ {fa }-Ra =0, and aga n {;a}.gu —0- (24) Hence, the distribution function then
ot

should be presented in the form (22). For further analysis, we need to determine inverse solutions for 7 and w of Egs. (20) and (21). From these equations
it follows that

! "W - D i ’ a - ry = ’
f—jdlnw=pa(t):1?a+jdt %Ha{pa(t )7wa(t )}’ (25)

t

J o ‘ o
— t
P far LRS00, - [ar 2o, 5,0, () @
r

- = - i
W+ Jarr0 G, (0) =0, - [ar 21,15, (0),(7), (26)

— 0 LOH (("FW) iy _i” w0 (s () = (m “
Wt [ar SLLEE =)= 0, Jarm—H.1p.(")6,(") (26%)

The chain of expressions (25, 25’,.....) and (26, 26’,......) can be continued, which allows for presenting inverse solutions in the following form:

t

R far fﬂ{t e far 2t )t o far 2 w(,w)}}. 27)

[ S B IO S " Al o
:U—jdzaRH{t,mjdzaU H{, Bl jdz A", é(e )}}. (28)

By successively substituting and (t"),@(:")....into solutions (27) and (28), these solutions take the form of an infinite series of the constants of integration,
R andU in the arguments of functions ]—]{ " A", a(e" )} { " A", c?)(t’")},....- Solutions (27) and (28) we'll use below.
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Distribution functions for particles

Distribution functions we define assuming that at the initial moment, the electron and ion distribution functions (DFs) depend only on the spatial
coordinate and the velocity expressed through integration constants g, andd,,

[olR (0.7, 9).0, 0.7 )= 1,7, (29)
From the relations at the initial time tO it follows:

and 0, (1,.7.5) -0, (30)

P= (31)

H{R, +..0, —}}

“R ijréé Hn{ﬁa+irdt”£Ha{ﬁaJr..,f/a—...},Ua—_lrdt” 0
(

= « B R,
V= (32)
t 4 4
=t 0 = 0 = = - 0 = ~
=U,-|d' =—H, R, +|dt"—H R, +., U, —..; U, — | dt"—=H R, +..,U,_ —...[ Substituting the relations (20) and (21) into (31) and
Jase a{aIaUa MR, 4T, Jar & { }} g (20) and (21) into (31)

(32), and then the whole right sides of expressions (31) and (32) (while recalling the definition of &(7,¢) (see Eq. (3) and expression for 1)),

L t "o = t "o -
f—jdz'iﬂa t’,?—fdt”w,w+Jdt"M =T, (33)
" ow ’ ow ! oF
t t "= - t o>
W+J.dt’6_H,1{t’,FIdt”aH”(tjr’w),vD+Idt”aH”(t_’r’W)}—Wa, (34)
" or ! ow ’ or

into Eq. (29), for the particle distribution functions (DFs) we obtain

f = 1 CF ) W, 07 )= 1,7, ) (35)
For further analysis, we represent this distribution function in the form,

fa {I‘—‘a’Wa}: Pa {ra (7)} VD{ {ﬂ}}' (36)
and discuss each of the multipliers separately.

i) Dependence on the velocity.

At the initial moment, we will assume that the velocity distribution function obeys the Maxwell distribution:

Vv, (v2 ) =n,, (ma (22T, )" ) exp(— m,v* /2T, ) . (37)
According to Eq. (34), it can apparently be assumed that for later times the distribution functions are expressed by the equation:
V)=, 2,7 p{ - W} =l /21, (38)

0 ow or

a

2
expl -2 {mjdt'qHa{z',f—jdz"aH“(t ’r’w),mjdz"L“(’ ”’W)H
ty v t t

In what follows, we will limit ourselves to preserving only the first powers of the weak electric field (that is,E(F,t)). Assuming the electric field to be
weak, we can expand in Eq. (38) the exponential function by degrees of the field. Thus, taking into account Egs. (18) and (20) lead to following results (see
Appendix B) :

v, (wz)z T, (ma /(2AT, )" ) exp{— ;n; w? }{1 - %CI)H (Vv)}, (39)

a a

o, ()= (Vv . %}I d:'(w . ;Ljé(t'j)j - j.dz’;[ dt"(ﬂm%j[ﬁ.%](ﬂ; . ;Leé(t'j)j + (40)

tU

1' r, rrI ,,,_.6 —a —a S Z,€ g
+E'Jdt;[dt ;[dt (wﬁ][wﬁ}(wﬁ)(w - g(t,r)].

fy

Obviously, in subsequent calculations, as a result of integration over velocity, the second term on the right-hand side of Egs. (B.3) and (40), containing

“w” to an odd degree, disappears.
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ii) Multiplier describing the spatial dependence of the DF

Let us consider the case when the plasma is placed in a cylindrical tube with a radius, and the waves propagate along the z - axis of the cylinder ( see

Figure 1).

According to Eq. (33), the cylindrical dependence of the spatial multiplier P, {l:,, (F)} on the coordinate r, at the initial moment, can be represented in the

form
F, {FaH =P{r}=P, {sz +y° } For later time, according to (C.1) (see Appendix C), we have A {L.}=p {7 -5, |=p{[c-3,. F + =3, } , (41)

where 3, and 3, are defined according to (C.2). Remembering the presence of a weak electric field, the expression (41) can be simplified (keeping the

expression for the electric field only to the first power),

— ~ 2
}:Pa{r 1-22 5, 4+ e }~ (42)

P{L,}=P, {F—ﬁa

a a

r r

P51 [ 5]
r 2-r or
where the vector has only two radial components, and we have neglected terms of the order (S/r)2 . In the presence of a multiplier a%P(r) (see Eq. (43))

and with a considerable value of the cylinder radius, the value (3/r) can be considered small. The cylinder, confining the plasma, can be described by the

= P(r)—

WX

relation

P(r)=0(r, —r)+=——0(r~1,)-O(r, —r), (43)

L}

where the general definition of the Heaviside step function is given by the relation

olx)= {(1)1 i?) . (44)

In fact, the multiplier (43) defines the radial shape of plasma characteristics. The wall of the cylinder is located at a distance from the axis of the cylinder.
Here we will not discuss the structure of the layer adjoining the wall. Considering the thickness of this layer to be small, the profile of the special factor for
the wall layer we have chosen in the form,

r,—=r
g, =———, (45)

ri—"h

describing the linear reduction of the area under consideration to the bounded wall; r is an auxiliary point for describing this descending area (r, is

N \\
‘ .
4 —,
) /
z /
e

outside of the pipe).

Figure 1: Schematic view of a cylindrical tube and the main characteristic distances (and radii ) in the cross section of a cylindrical pipe: rw is the radius of the pipe, point r0 is the
limit of the homogeneous region of the spatial multiplier, point rs is located outside of the pipe and at this point the profile of the spatial multiplier becomes zero (see also Figure 2).

P(r)

dr

Figure 2: Dependence P(r) on the radial coordinate (r).
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Plasma waves inside a cylindrical tube

We will start with the equation commonly used to treat longitudinal waves,

aiErt z4irzej.dvftrv) (46)

a=e,i

= Z47z-zae»‘[d\7-131{l"u }-7,{(#)}. Substituting expressions (39) and (42) into Eq. (46), we obtain

a=e,i

%E(F,Z): ,;,47[.2“8."0”[2:”[7;;J2 ~Idv7/~exp{— ;’;‘Z wz} (47)
d —";—:mxm}{f:(r)—{”‘: : %[ ﬁ—”)i}%()}

Here we replaced integration over with the integration over w. Considering that in unperturbed plasma (in a plasma without an electric field) quasi-
neutrality is preserved,

D Zalton =0- (48)

a=e,i

after multiplying terms in curly brackets of (47), the first term drops out according to (48). Taking into account the electric field only to the first power,

z}.

-{P(r)';f‘cpa(ﬂz)+[; 3 _%[72 u]]jP(r)} (49) Substituting expressions (40) and (C.2) into (47) after integration overw, we obtain:
Y r -r r r

from (47) we obtain

3
0 =
EE Z47r z,e- n“"[zﬂ- ] Idw exp{ 2T

a=e,i

L

o

;E pra{P(r)|:Idt ZEF t)+ Ajdtjdt Idt —g(r t)} (50)

{J'dt =&, ;)+ Ajdtjdt jdt —e(r t)} ° P(r)—ﬂiiP(r)},

or z,-em, Or

where andV,, =/T, /m, .In Eq. (50), we have used the relation

0 70
“p L 9%p 51
Zr)="2ptr), (51)
and the following integrations are performed:

3
_|.ah?~u,.uA ~exp(—u2 /2)=(272')2 -0, (52)
0 0 0 33 0 0 (0o, 0o,

dii -uuu, —————ic) expl-u’/2)=Q2z) - = —— +—E . 53
fat-n, &2 g el 2)- ot 3 22 20, P 53
The right-hand side of Eq. (53) for longitudinal waves gives (27r) -3.A-divé. The second derivative of expression (50) with time is equal to
0’ 6 =
y@‘ Zw‘m{P(r)|: _E(7,1)+3-V; A;[dt —&(F t):| (54)

+| E(F,0)+V} A_[dt (7,0} iP(r)— 21, 1gP(r) .
or z -eror
Recalling the definition (3) of the value &(7,7) and using (54), for the electric field we obtain:

8" oF , 8® oF , . 0 = , | 8°E 8
— P +3-V, A— E|=- V Wi E|—P
o o T2l )La o o = re | op? 710 (55)

or, after a simple transformation of the right-hand side:

{ Zme(r{— +3-VEA }}E =Y w, gp(r). WEA-E. (56)
o v
Below we will look at plasma waves in a cylindrical pipe.

Waves inside the pipe

In this case, we assume that the waves propagate in the vicinity of the cylinder axis in the direction of the z-axis. According to the expressions (43), the
spatial value P(r)=0(r, —r) at r <r,is equal to 1, and (2/ar)(-) at r <y, is equal to zero, as (2/ar)P(r)=-5(r, -r) (see Eq. (43)). Neglecting terms with ion temperature,

Eq. (56) becomes simplified and we obtain:
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4 2
{L + (w; + ) )%J, 30 ~V5A}E =0. (57) For waves propagating along the z-axis, are described by the equation:
4

or'
E.=a-Sin(w-t—k, -z). (58 For the frequency from Eq. (57) we have [3,4]:
2
m:wﬁ(l-%—w; /w; +3-k:2<r;)I (14—%&)—25 k- 2]- (59)

Waves on the boundary wall
We can represent Eq. (56) in the form:

o o Gl

= {¥+P( ){(a) +a)w)y+w{ Vi A}}E (60)
0 o 2 2 62 2 2

*g {761 +P(r )[(m”ﬁw,,,)at: e Vi ]}E +

o |o o’
+g-{§+P(r)[(w +w”’)6z +3- wp vy A}}Ez:

=l -P(r)-20} A{aE 98, } After simply transforming the right-hand side of Eq. (60) and using the relation for cylindrical symmetry,
v 0 oy
%, +6E" —lﬁE +10E“’ , (61)

ox Oy_rar " rop

(of course, the second term on the right-hand side of Eq. (61) drops out due to cylindrical symmetry), we find
10 [& 2L D s
. {§+P( )[(wpﬁa)m)yﬁ-wanA E + (62)

+3~{a—4+P(r)[(m{ o’ )6—2+3~m2, . V%A}}E =, -P(r)-2V2 ALl
oz |ot* v o pe T : r e ror "

In the cylindrical model under consideration, we can assume that the radial component of the field is equal to zero inside the cylinder, as the radial gradient
is absent. Due to the presence of broken places, the selected profile (43), shown in Fig.2, rather roughly describes the properties of plasma confinement. To
bypass broken places in the boundaries of integration, we will replace with 7, + &, where € = +0 (and this replacement will be implied further). We integrate
the near-wall region over a thin layer (r,,,), with a thickness & ( & < r,), assuming 7, =1, +or. In the cylindrical variables, this integration takes the form:

27 Ty +or 10 azz 82
_!.dqb J rdr';—rr{—‘,+a);P(r) [(wﬂe+a) )at2 +a);~VTZQA}}EF(Z,r,z)+

)

(63)

27 T +or a az
+Id¢ _[ rdr - {FHD() (w;e+w;i)§+3-VrzaA E. (t,r,z)=

20 ntor
=—a)i,‘J.d¢ _[ rdr-P(r)~2V2A lairE (t,r,z)‘
0 s

Expanding the integrals (63) in a series in terms of degree §- and taking into account the relation,

=l —€

P(ro):Q(rO—ro—s)+ > -@(r0+g—r0)~®(rs—r0): (64)

=

=0(-£)+1-0(+¢)-1=1s

following from the definition (44), in the first approximation we obtain,

4 2
25 ir{aﬁ{(w; + )%+ o V,f,A}}E,,(t,r,z)( + (65)

Ir=ry

4 2
P raﬁ{gﬁ{(mi +o] )%+3-VrzaA}}E;(t,r,z# -

r=ry

=270 r-w, -2VT2aA-l£E ,(z‘,r,z){
ror

r=r,

Collecting all the terms on the left-hand side of the equation and introducing the electron density as above,

19 —E, -*—EEZ :agz—hreé'n‘,, (66)
ror oz or

we obtain the equation,

o' o o
{at +(w), + @)@, P Vi, o } on, =0, (67)

which describes the longitudinal wave, s, = 4-Sin(w-¢ k. - z), propagating along the boundary of the cylinder with a frequency:
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1
w=0,(+02 10 +3-k217 Pz, (+(1/2) 0} 10} +(3/2)-k2 -1 )-

(68)

Thus the character (dependences on time and coordinates) and frequency of waves propagating near the wall along the axis of a cylindrical pipe do not

change (see also Egs. (57)-(59)).

Summary

The analytic solution of the time-dependent Vlasov-Boltzmann kinetic equation, found in the present paper, in addition to time, also depends on spatial

coordinates and velocity, which are solutions of characteristic equations for coordinates and velocity. In publications, in overwhelming cases, the dependence
of the distribution function (DF) on velocity is discussed and used. In this paper, probably for the first time, an attempt is made to describe the coordinate

dependence of the DF, obtained directly from the kinetic equation.

We consider plasma placed in a cylindrical confining tube. To simplify the problem, we consider the case when the plasma characteristics drop sharply in

the radial direction at the boundary. Wave propagation near the cylinder axis and close to the surface of the tube is described.

Consideration of the case when plasma characteristics smoothly diminish to boundary values and analysis of the interaction of plasma particles with the

wall require more careful and detailed consideration.
Appendix A

We start from the expression (16);

*+jdt' jdz[d jdt jdt jdt

P v

. 2
" )t omr a1 0T ol OH(”
+jdt J'd jd ’)+J'dz ldz Eg{r[dt v }} aEf )

: 0H(/”’)

1 ” 1 " t "1 6 4 o
~[ar /-,[,dt {t}i[ dr 5?{;,[ di"{¢ }} e

jdz”jd:—jdz"’f" {jd } ) .......

By renaming the variables (" — ¢, /" —¢', ... and so on, we obtain expression (18),

0:v‘v+_/[dt’{1—;[dt”~{f”}+%[jdt”-{f"}jzfé[jtdt"'{f"}]lf }M (18)
Appendix B

Let’s start with Eq. (34) written in a form more convenient for analysis

W, = W+jdt’{1jdf" ' {fZ}+%{jdt"'{t; }}Z *é{jdt”'{tl }}3 +.4.}W- (B.1)

Using expression (14) for the square of the value, W, we find
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wi=w *(J‘d’ aH j [I .[dt{ o ar 612?")%}'81;{?’@:

+2wfdzaH(t 2“’["”[”’[{ H(") & 431‘1()5}‘6H(t’)+

ow or or ow) o

ow or or  ow or

+ wjdz'[jdt”{aH(’")i, 5H(f")i}]2 ),

Keeping the electric field strength only to the first power, and using the definition (10), from (B.2) we obtain

W2=w+ ZW-J.dt'g[ i
ty r

;a(es(f,r)]* (B3)

— 27 Idt'Jdt"[W-;f]a;[ﬁ- Z“eé(f,z)J+
1y t r r

Now we can insert Eq.(B.3) into the expression (38), and after expanding the exponential function, we get Eqgs. (39) and (40).
Appendix C

To simplify the expression for the spatial multiplier, we can repeat step by step the calculations performed in Appendix B. Using expressions (33) and
(19), according to definitions (14) and (19), we obtain:

t

£=r- [P farfael P02 0 21O, (e

;d,[;d [ )3 Hz'a?éf')*

Let us again limit ourselves to taking into account the electric field to the first power. By introducing derivatives of expression (10) into Eq. (C.1), we

obtain the equation:
. r,t C.2

I, =F-3

—jdt’{w+ } J-dffd’ {(
+%;[dt’jdt”jdt"’(ﬂw(%j(ﬂhgj Zeé(raf)Jf-"-

The above expression (C.2) can be substituted into the equation (43). It is clear that terms containing to an odd power, as a result of integration over,
give zero.
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