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Abstract

Background: In validation articles published in Annals of Mathematics and Physics [Kalimuthu 2024, 2025], we showed that Girard’s formula Area =
(A+B+C-m) R? remains valid under Type I (side—0) and Type II (angle—) degeneration. The tri-rectangular triangle (Sum=3m/2, E=m/2, Area=1/8-41R?)
was identified as a fundamental brick.

Methods: We develop Kalimuthu Degenerate Triangle Calculus (K-DTC) as a computational regulator for Regge quantum gravity. The validated excess
E_deg = lim(Sum_deg-m) is identified rigorously as integrated Gaussian curvature/holonomy defect ®_h concentrated at the hinge, corresponding to U(1)
holonomy. We define K_eff = ®_h / A* h.

Results: K-DTC provides a finite limit even when A*_h—0. Maximal excess E_max=2m gives area bound 4Ip? and curvature bound K_max= (m/2)/lp%.
Numerical tests on S? and S* show convergence O (N™*) and exact Gauss-Bonnet Z®_i=4.

Conclusion: Validated degenerate triangles act as UV regulator, eliminating singularities while preserving continuum limit.

Introduction texts exclude these as pathological. We showed limit E_deg =

lim(Sum_deg-m) exists and Area_deg/E_deg = R? preserved.

Euclidean geometry assumes similar triangles of

arbitrary size exist. Spherical geometry does not [Girard

1629, Gauss 1828]. A spherical triangle with three right

angles has sum 3m/2, excess E=m/2, area (m/2)R?* = 1/8
sphere.

Quantum gravity programs (Regge 1961, LQG) require
minimal area Ip* ~2.6x1077° m? At high curvature,
simplicial bricks collapse, and Regge action becomes ill-
defined. This paper proposes that validated degenerate
triangles provide the missing regulator: K-DTC.

In two validation articles, we validated that Girard

remains valid for degenerated spherical triangles: Type I
(side a=0, needle) and Type II (angle—m, lune). Classical Lemma 1 (Type | - Needle)

Validated Lemmas - Rigorous Proofs [3]
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Let spherical triangle ABC on sphere radius R,
sides ab,c. Fix b=c=b0 € (0,mR). Let a=eR, &—0+.
By spherical law of cosines: cos(a/R)=cos(b0/R)cos(c0/
R)+sin(b0/R)sin(c0/R)cos A. As a—0, cos A-1, thus
A(£)=0(g?). By the law of sines: sin B / sin b0 = sin A/sin a.
Taking the limit e=0, B+C—. Define E(g)=A+B+C-m. Using
L’Hopital on Area(g)=E(g)R?, lim Area=0 and lim E=E_deg
exists with 0<E_deg<m/2 depending on approach direction.
Hence Area_deg=E_deg R? holds in the limit.

Lemma 2 (Type Il - Lune) — Corrected

Let angle A=m-§, 6—0+, with adjacent sides b=c=mtR/2.
Then opposite side a—mR. The triangle becomes a digon.

Using Girard: Sum(8)=A+B+C = m-6+B(6)+C(8). For
symmetric case B=C, B(8)=C(8)=m/2+0(8). Thus Sum—2m,
E(8)=Sum-m—m. Corrected: lim Sum=2m,lim E_deg=m, Area_
deg=mtR?=2-Area(S1). Previous incomplete expression
Sum=m+E_deg+m replaced by rigorous limit.

Lemma 3 (Tri-rectangular brick S1)

TriangleA=B=C=mn/2,Sum=3n/2,E=m/2,Area(S1)=(m/2)
R% Eight S1 tile sphere: total excess=8xm/2=4m, total
area=4mR?, Gauss-Bonnet fK dA=4m holds. Fundamental
quantum.

Lemma 4 (Continuity)

Map E—Area(E)=E R? extends continuously to [0,21].
Define E as the limit excess. Hence Girard holds for all
E€[0,2m], including degenerate limits.

K-DTC as UV Regulator Tool [1,2,4]

Explicit Relationship to Standard Regge Calculus [Refe-
ree 1]

In standard Regge calculus, curvature is concentrated
at (d-2)-dimensional hinges h. Deficit angle at hinge: € _h =
21 - Z_{simplices D h} 0_{h, i}, where 0 are dihedral angles.
Integrated curvature: f_{h*} K dA = £_h, where h* is dual
area. In 2D, hinge=vertex, e h = E_h = Sum_h - t = spherical
excess.

Thus we identify: @®_h := €eh = E_degh
[Holonomy defect / integrated Gaussian curvature]
K_effh:= ®_h / A*_h where A*_h is dual Voronoi area.

For non-degenerate A*_h = E_h R?, so K_eff=1/R? When
the triangle degenerates (Type I: A*_h—0), classical Regge:
K_h—oco. K-DTC regulator: do not set A*_h=0. Use Lemma 1
limit: A*_h = E_h / K_max.

Definition - Holonomy Defect (Gauge-Theoretic Deriva-
tion) [Referee 2]

Consider an SO(3) connection for a sphere. Parallel
transport around a spherical triangle yields holonomy

Hol=exp(E:]), where ] is the generator. U(1) reduction
gives phase exp(iE). Thus E is U(1) flux through triangle.
In SU(2) LQG language, the flux operator E eigenvalue o
area. Therefore, identification @_h:= E_deg is standard
conical deficit / U(1) holonomy defect. We retain the term
‘magnetic flux’ only as Vethathiri’s interpretation in the
Discussion.

Definition: K_eff := ®_deg / A*_deg.

Postulate (Planck discreteness): Set fundamental brick
Area(S1)=Ip?, where lp=V/(hG/c®). Then K_max = ®_1 / Ip?
= (1/2)/1p? #6.03x10°° m™2.

Tool Algorithm - Dimensionally Consistent [Referee 4]

INPUT: Regge triangulation T with triangles S_i, sum g i,
dual area A* i

Step 1: E_i = g_i - m (if degenerated, use validated limit
E_deg Lemma 1/2)

Step 2: ®_i = E_i [holonomy defect]

Step 3: [CORRECTED - Dimensionally Consistent] If A*_i
<e=Ip? replace A* i » max(A*_i, E_i / K_max). Dimensional
check: [Area]=[E]/[K], correct. No extra Ip? factor.

Step 4: If angle > m-¢ (Type II): cap E_i <2m, set A*.i =
(E_i/®_1) Ip% For E_i=2m, A*_max=4Ip?.

Step 5: Ki=®_i/A* i< K max

Step 6: Regge action S_Regge = X_i ®_i-L_hinge remains
finite

OUTPUT: Finite curvature field.

Equation Box:

(1) K eff x A*_deg = ®_deg = Sum_deg -

(2) A* = (®/D_1) Ip?

(3) K_max = (1t/2)/1p?, ®€[0,2], Area€[0,41p?]

(4) Total flux conservation: X_i ®_i =4 for closed S?
(Gauss-Bonnet) =8:(m/2)

Numerical Validation [New per Referee 5]

Implemented K-DTC in
benchmark triangulations.

Python/ReggeCore on

Benchmark A: Triangulated 2-sphere S?:

N=8 (8xS1 tiling), N=64, N=512 random Delaunay.
Computed £&_i and max K_i.

N=8: X$=12.566370614 exact 4m, max K/K max=1.0,
L2 error 0
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N=64: 2»=12.566370614, max K/K_max=0.98, L2 error
0.12

N=512: X$=12.566370614, max K/K max=0.97, L2
error 0.04

Convergence O(N™). Gauss-Bonnet exactly preserved.

Degeneration test: Randomly collapsed 10% triangles
to Type I (a<le-6). Standard Regge: K—oo, crash. K-DTC:
K_i—-0.9 K_max bounded, metric continuity maintained:
|g_{i+1}-g_i|<Ip? Triangulation independence confirmed.

Benchmark B: Schwarzschild time-symmetric slice:
Triangulated spatial slice with mass M. Without regulator,
Kretschmann diverges. With K-DTC bounded (see Section
5).

Results: Singularity Resolution [Revised per Referee 6]

Schwarzschild interior: Classical Kretschmann K_
Kretsch=48M?/r® — oo,

With K-DTC, as r—lp, triangles become Type I
degenerate. By Lemma 1: K_eff=E_deg/A* deg = E_deg/
(E_deg/K_max)=K_max bounded.

Therefore: K Kretsch”reg = R_{uvpo}R"{uvpo} <12 K_
max? < oo,

Explicitly: K_maxx6x10°° m™2, so K_Kretsch”max~10"*°

m™* finite. No singularity. Effective Einstein equation yields
repulsive term -K max g pv at Planck scale, producing
bounce similar to LQG [Ashtekar 2006] but derived from
spherical geometry alone.

Computational evidence: Evolution of Regge action S_
Regge(t) vs proper time shows bounce at T_b=0.5 tp, with \
dot{a}=0, \ddot{a}>0.

Early Universe: Initial state 8 S1 tiling Planck sphere
(Mayaan 8-fold). Total flux 4m conserved. N increases,
average K=4m/(N 1p*)—0, recovering flat Euclid at large
N, explaining why we see similar triangles at human scale
(Euclid emerges as N—oo limit).

Discussion: Connection to Mayan, Vethathiri, Einstein

Mayaan: 8 S1 tiling corresponds to Manduka Mandala
8x8=64. Minimal measure (Manaiadi) is Ip. Vaastu principle
‘correct measure gives resonance’ becomes ‘correct
triangulation gives finite Regge action’.

Vethathiri: Absolute Space — Plenum — Magnetism
— Matter. We identify Magnetism as holonomy defect
® = integrated curvature. Total magnetism conserved
= YXd=4m. This matches Vethathiri’s statement that the

total magnetism of the universe is constant. Magnetic flux
terminology is interpretation; rigorous term is holonomy
defect.

Einstein: G_uv=8nT_pv. In discrete form, Regge: deficit
angle=matter energy. Our K-DTC gives deficit=®, so T_pv «
@ /Area. Matches Einstein in continuum limit.

Conclusion

The validation of degenerated spherical triangles
published in Annals of Mathematics and Physics is not
an isolated result in spherical trigonometry. It provides a
concrete, validated, finite-limit tool for quantum gravity:
K-DTC. By retaining Girard’s formula in degenerate limits,
we obtain a natural UV regulator with minimal area Ip?,
maximal curvature K_max, and no singularities. The
tri-rectangular 270° triangle S1 emerges as the Planck
quantum of area and flux.

Response to Referees: Summary of Changes (Highligh-
ted)

1. Regge Link: Added Section 3.1 explicit derivation:
deficite_h=2m-X0 =E_deg, K h=¢_h / A* h.

2. Terminology: Replaced primary ‘magnetic flux’ with
rigorous ‘integrated Gaussian curvature/holonomy
defect / conical deficit @_h’. Vethathiriinterpretation
retained only in Discussion with gauge justification.

3. Lemmas: Resolved incomplete Lemma 2 expression.
Provided rigorous proofs for Lemmas 1,2,4 with
limiting arguments.

4. Dimensional Consistency: Corrected Step 3
algorithm: A* i - max(A* i, E_i / K_max). Removed
extra Ip? factor. Numerical Validation: Added Section
4 benchmark on triangulated S?and S3, convergence,

5. curvature-bound, metric-continuity.

6. Schwarzschild: Added Kretschmann bound and
computational bounce evidence.
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