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Abstract

In this paper, we present a novel new class and investigate the connection between the K-projective curvature tensor and other tensors of Finsler space F , this space
is characterized by the property for Cartan’s 4" curvature tensor K‘i/.kh satisfies the certain relationship with the given covariant vectors field, we define this space asa
generalized BK-5" recurrent space and denote it briefly by GBK-5RF, . This paper aims to derive the fifth-order Berwald covariant derivatives of the torsion tensor Hllch
and the deviation tensor H;, . Additionally, it demonstrates that the curvature vector Kl the curvature vector H,, and the curvature scalar H are all non-vanishing within

the considered space. We have identified tensors that exhibit self-similarity under specific conditions. Furthermore, we have established the necessary and sufficient
conditions for certain tensors in this space to have equal fifth-order Berwald covariant derivatives with their lower-order counterparts.

1. Introduction

In 1973, Sinha and Singh studied the properties of recurrent tensors in recurrent Finsler space [1]. Several works on recurrent
Finsler space were done in the years 1973 and 1987. Verma (1991) discussed the recurrence property of Cartan’s third curvature tensor

i i
R Jjkh [2]. Dikshit (1992) discussed the bi-recurrence of Berwald curvature tensor # Jjkh [3]. Qasem (2000) introduced and studied
i
the recurrence conditions of the curvature tensor U Jjkh in the sense of Berwald [4]. Qasem and Abdallah (2016) defined a generalized

BR-recurrent Finsler space and obtained the necessary and sufficient conditions for the Berwald curvature tensor and Cartan’s fourth
curvature tensorto be generalized recurrent [5]. The generalized BK - recurrent Finsler space was introduced by Qasem and Baleedi

(2016) this space whose Cartan’s fourth curvature tensor K;‘kh satisfies a recurrence relation [6]. They showed that the K-Ricci

tensor, the curvature vector, and the curvature scalar are non-vanishing in the BK-recurrent Finsler space. Al-Qashbari and Qasem
(2017) [7] Studied on generalized BR-Trirecurrent Finsler Space. In 2020, Al-Qashbari [8] introduced some identities for generalized
curvature tensors in B-recurrent Finsler space. Bidabad and Sepasi, [9] completed Finsler spaces of constant negative Ricci curvature.
Abu-Donia, Shenawy, and Abdehameed [10] studied the W*-Curvature Tensor on Relativistic Space- times. Verstraelen [11] established
a new submanifolds theory a contemplation of submanifolds in geometry of submanifolds. Deszcz, Glogowska, and Zafindratafa [12]
established some conditions on hypersurfaces. In 2021, Opondo [13] studied the decomposition of Weyl projective curvature tensor
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in recurrent and bi-recurrent Finsler space. Chen [14] developmental Wintgen inequality and Wintgen ideal submanifolds. Eyasmin
[15] studied hypersurfaces in a conformally flat space. Deszcz and Hotlo$ [16] defined and studied the geodesic mappings in a
particular class of roter spaces. Deszcz, M. Glogowska, and M. Hotlos$[17] studied the OpozdaVerstraelen affine curvature tensor on
hypersurfaces. Decu, Deszcz, and Haesen [18] studied the classification of Roter-type spacetimes. In 2022, Deszcz, Glogowska, Hotlos,
and Sawicz [19] studied the particular Roter-type equation on hypersurfaces in space forms. Derdzinski and Terek [20] introduced
new examples of compact Weyl-parallel manifolds. Also they [21] studied the topology of compact rank-one ECSmanifolds. In 2023,
Al-Qashbari and Al-Maisary [22] studied generalized BW- fourth recurrent in Finsler space. Shaikh, Hul, Datta, and Sakar [23]
established new relations between the Kulkarni-Nomizu product of two (0,2) type tensors and the curvature tensors of type (0,4).
Ali, Salman, Rahaman, and Pundeer, [24] obtained some properties of M-projective curvature tensor in spacetime.

Delving into the properties of an n-dimensional Finsler space F_, we assume that its metric function F adheres to the established
conditions outlined in the works of Deszcz, M. Glogowska, and M. Hotlos$ [17].

Positively homogeneous: F (x, ky) =kF(x,y),k>0.

Positively: F(x, y) >0, y=0.
) i : o . . . . i
10; 8iF (x, y) }& &7,0; = —,is the positive definiteVvariables & .
‘ oy

The corresponding metric tenser denoted by g;, the connection coefficients of Cartan represented by r k and the connection

coefficients of Berwald designated by G jk »are all related to the metric function F.
; .
a) gy v =F?, b)g,-jyj =V
1. i 2
C)gij-=gal~yj,d)yl-y =rF",

ik k Lif j=k, (1.1)
g8 =0; = 0 if j£k. o hgzk Ehnk>

g) 5]l€yk :yl andh)é‘il =n.

The torsion tensor Cijk defined by [12]

C.

ik = ag/k = 5 9; ak (1.2)

2

i
and its associate is the torsion tensor € Jjk and it is defined by
hj k ik
a)Clk—g Ck andb)Cjky =Cpy =0. (1.3)

These tensors satisfy the following conditions

kK . k_ K
) Cik Y Cjj Y Cji v 703

®) Gijkh y :GijYj :Gi(hj yl=0;
c) 511 Cjin :Cjkn;

@) Cije gjk —c,

and

o) rjfli(h S Gijkh L

. . . 3 a
1 1
Where G]kh = 5] Gkh and 51 = ayih (1.4)
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The Berwald covariant derivative BkT]l' of an arbitrary tensor field T} with respect to xk is defined as:
i
Bij :6k (6 T )Gk+T Gk T ij (1.5)

The Berwald covariant derivatives of the metric function F, the vectors i, y, and the unit vector [' are all identically zero [11]. In

other words,
a) B, F=0,b)B,y =0, 0) B, y; =0 andd) B, I =0. (1.6)
However, Berwald’s covariant derivative of the metric tensor g; is not identically zero, meaning B, g i 0. It is expressed as:

h h
i =72V BpCun =2 Cppy 17)
The covariant differential operator of Berwald with respect to x" and the partial differential operator with respect to yx commute,
as defined by

Bkg

- . i v i r
(8,5, -5, 6k)Tj =T} Gy~ Ty Gy » (1.8)

Where T]l- is any arbitrary tensor.

The second Berwald covariant derivative of the vector field X', with respect to X* and X" is given by:
i - i : AP r r
BBy X' =08, x" ~(6,8,x7) 6 +(B,x" )Gl - (8, X" )Gy (1.9)
j i
The tensors K;‘kh and R Jjkh defined by
i *i O\ LKs £ * fm *j
Kpen = 05Ty +(asrjk)rthy + T Ay = 04T
a *s ¢ * _*m
) (as rjh)rlky A
and
i *i s K\ s i *mos  Fm _*r s ¥ *m
Rin =Onl ji +(arrjk)rshy +Cim (akrsh Y T Ty )+rmkrjh

s *m *i *m (1.10)

b) *i *r K i *m
—0rl jp - (5 r]h) sk ~Cm\Op T v T sky “Loun jic -

The aforementioned tensors, denoted as Cartan’s fourth curvature tensor and Cartan’s third curvature tensor, respectively,
exhibit skew-symmetry with respect to their last two lower indices and positive homogeneity of degree zero in their directional
arguments. These tensors adhere to the following relations:

S B N i i m s i
Ry v =Ky y' =Hyy JOH py =Ky +y (aijkh)’

i i i s i i i i
) Kipn = Rjpn = CisHpgy »DH gy =K gy = Py + ]k Py =Pk ~ P]h o

(1.11)
N m

R = Kyt  Cipm Ky ' and )Ry, = grle.kh.
Ricci tensor K, curvature vector K; and curvature scalar K derived from the curvature tensor K’ jkh are defined as:

K Lo K. . ,b)K k_ K dc)K Jk _ K
a) ki =Ko ) kY =Kjan c) K& =K (1.12)

i i

Ricci tensor R, the deviation tensor R, and curvature scalar R derived from the curvature tensor R Jjkh are defined as:

R, =R, .b)R., ¢/F R ando)R ., g/* =R (1.13)
a) Jjkr = jk’) jkhg =y an c) jkg =K. 13

i . i - - i .
The curvature tensor of Berwald 7 jkh> torsion tensor H]lfh, Ricci tensor A jk» deviation tensor /; and curvature scalar H is

defined as
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7

i J oyl i ki ik B
)H ¥ s=Hyb)H, vy =Hy,c)H, y =0,d)H y = Hy,

r i i
Q) Hy, = Hy . D)Hy y; =0.g)y; Hy =0, (114)
J_ N
WK v = Hyand DK ;7 = (n 1)H.

A Finsler space in which the Berwald connection parameter G]lch does not depend on the directional coefficients y' is known as an
affinely connected space (Berwald space) [17].

Therefore, an affinely connected space is defined by one of the equivalent conditions

a)B, g;; = 0 and 0B,g” =0 (1.15)

2. A Generalized BK-5" recurrent Finsler space
i
Let us explore in GBK-RF, for which whose Cartan’s fourth curvature tensor K jkh is defined as [9]:
i i i i i
Bijkh = aijkh +b,, (5hgjk -0 gjh) ’Kjkh #0
Is called generalized BK-recurrent space, where B_ is a covariant derivative of the first order (Berwald’s covariant differential

operator) with respect to x™. Taking the covariant derivative of the fifth order for the above equation in the sense of Berwald with
respect to x!, x™, x", xYand x° respectively, we obtain

i i i i
BBy BuBuBiK iy = asgtnmX jih *+ Osqinm (5hg jk ~oke jh)
i i i i
~Csqlnm (5hcjkn =% Cjhn ) = sqinm (511 Cit =% thl)

i i r i i
~Csqlnm (é‘hcjkq B 5k thq ) a 2bqlnmy B, (5hcjks a 5k ths ) (2.1)

Multiplying (2.1) by y/, using (1.6b), (1.11a), (1.4a), and (1.1b), we obtain

i i i i
BBy BBy By H gy = a1 iy + bgginm (5hyk - 5kyh)- (2.2)

Multiplying (2.2) by y¥, using (1.6b), (1.14b), (1.1d), and (1.1g), we obtain
B.B,B,B,B, H' - H b siE? i
sPqP1PnPmtp = Csqlnm h+sqlnm e Y V)

In conclusion, we find that

(2.3)

Theorem 2.1: In the GBK-5RF,, Berwald’s covariant derivatives of the fifth order for the torsion tensor llch and the deviation
tensor H;l are given by the conditions (2.2) and (2.3), respectively.

Summation over the indices i and h in condition (2.1), using (1.12a), (1.4¢), (1.1f) and (1.1h), we obtain

BSBquBﬂBijk = asqlanjk +bsqlnm (” _1)gjk

~Csqinm (” - 1) Cjkn B dsqlnm (" - 1) Cjkl

~Csqlnm (n—l) Cjkq _2bqlnmyrBV (n—l) Cjks' (2.4)

Multiplying (2.4) by y%, using (1.6b), (1.12b), (1.4a) and (1.1b), we obtain

BSBquBanKj = asqlanj + bsqlnm (n - 1) Vi (2.5)

Multiplying (2.5) by ¥/, using (1.6b), (1.14i) and (1.1d), we obtain
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H+b F2. (2.6)

B BquBn By, H = sqlnm

%sqlnm
Multiplying (2.4) by y, using (1.6b), (1.14h), (1.4a) and (1.1b), we obtain
BSBquBanHk :asqlank +bsqlnm (n—l)yk. (2.7)
In conclusion, we find that
Theorem 2.2: In the GBK-5RF,, the curvature vector k;, the curvature vector H, and the curvature scalar H are all nonzero.

3. Necessary and sufficient condition

Let us explore an GBK-5RF, which is characterized by the condition (2.1).

Multiplying (2.4) by g, and let a Berwald space (affinely connected space) and using (1.12¢), (1.15b), (1.1e), (1.1h), and (1.4d), we
obtain

BSBquBanK - asqlan tn (n B 1)bsqlnm (3.1)

-
—(n h 1) [ Csqlnmn T dsqlnmcl tCsqlnmq T 2bqlnmy B,Cs j|

We can express the above equation in different ways as

BSB(]BIB"B’"K = asqlan (3.2)
If and only if

r
nbsqlnm B |:csqlnmcn + dsqlnmcl *esqinm©q 2bqlnm y B, CS:| =0 (33)

In conclusion, we find that

Theorem 3.1: In the GBK-5RF,, (as defined by Berwald space), the fifth-order Berwald covariant derivative of the curvature scalar
K is directly proportional to the curvature scalar itself solely under the condition that equation (3.3) is valid.

On account of (2.4), we have

BSBquBanKjk = asqlanjk . (3.4)
If and only if

,
bsqlnmgjk - csqlnmcjkn - dsqlnmcjkl B esqlnmcjkq - 2bqlnm y Bl”cjks =0 (3:5)

In conclusion, we find that

Theorem 3.2: In the GBK-5RF , covariant derivative of Berwald on the fifth order for Ricci tensor K; is proportional to the tensor
itself if and only if (3.5) is valid.

On account of the condition [15]:
i i i i
Bty = A H gy + b (O3 =04 vp) (3.6)
And in view the condition (2.2), we obtain
i i

BquBanBmHkh =B, H;, 3.7)
If and only if
4 H Sty —slyy= H., +b (5i st )

m e + 1 (Op Yy = kyh)_asqlnm kh * Psqinm \°nYk ~ %k Vh (3.8)
In conclusion, we find that

i
Theorem 3.3: In the GBK-5RF , covariant derivative of Berwald on the first order and fifth order for the torsion tensor H ki both
are equal if and only if (3.8) is valid.
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On account of the condition [15]:

. . o,
BpHy = 2 Hy + 11, (8, F~ =y y)). (3.9)

And in view the condition (2.3), we obtain

i i
BSBquBanHh = BmHh. (3.10)
If and only if
i i 2 i i i 2 i
Aty + 1y (5hF IR yh) = asqlanh +bsqlnm (5hF R yh)' (3.11)

In conclusion, we find that

Theorem 3.4: In the GBK-5RF,, covariant derivative of Berwald on the first order and fifth order for the deviation tensor A Z both

are equal if and only if (3.11) is valid.

On account of the condition [8]:
i i i i
BBy BBy Wiy = s Wi * i (5hyk J yh) : (3-12)

And in view the condition (2.2), we obtain

i i
ByB, BB, B, Hyy, = BB, B, By, (3.13)
If and only if
o +b (5i st )— Wb (5i st )
Asginm™kh T Csqinm \°nYk ~kVh ) = Umns” kh T Clmns \°n¥k ~ %k Vh ) (3.14)

In conclusion, we find that

i
Theorem 3.5: In the GBK-5RF,, covariant derivative of Berwald on the fifth order for the torsion tensor Hpp and of the fourth

i
order for projective torsion tensor "}, both are equal if and only if (3.14) are valid.

On account of the condition [8]:
i i P2
BSBanBlWh - almnsWh +blmns(5hF -y yh)' (3.15)

And in view the condition (2.3), we obtain

i i
BB, BB, B, H ) = BB, B, B W (3.16)
If and only if
Hi b 5iF2 i = Wi b 5iF2 i
Dsqinm™h * Osqinm \°n" ~V Yn ) = Umns"'n * Imns Opt™ = ¥p) (317)

In conclusion, we find that

Theorem 3.6: In the GBK-5RF,, covariant derivative of Berwald on the fifth order for the deviation tensor H ;l and of the fourth

i
order for projective deviation tensor 7, both are equal if and only if (3.17) holds good.

On account of the condition [8]:

BSBanBZWk = almnku +(n_l)blmnsyk (3.18)
and

2
ByBy BBV =y W+ (n=1)by,, F (3.19)

With the condition (2.7) and (2.6), we obtain

BB, BB, By, Hy = B3, By, 5, Wy (3.20)
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If and only if

Lsatnm i * Osginm (n=1) g = Qg + (1= Dby v (3.21)
And

ByB,BB,B,,H = BB, B, B (3.22)
If and only if

asqlan + bsqlan2 = sV = (" - 1) blmnsF2 (3.23)

In conclusion, we find that

Theorem 3.7: In the GBK-5RF,, covariant derivative of Berwald on the fifth order for curvature vector H, and curvature scalar H,
both are equal to Berwald’s covariant derivative of the fifth order for the curvature vector W, and curvature scalar W, respectively if
and only if (3.21) and (3.23), respectively hold good.

On account of the condition [4]:
i i i i
Banth =By +byn (5hyk —5kyh) (3.24)

And the condition (2.2), we obtain

i i
BB, BB, B,y Hyy, = BBy Py (3.25)
If and only if

H, b (5i st )— PLo+b (5i st )
Ysqinm™ kb * Psqinm \°n¥k ~°kYn) = Gmntkn * Omn \OnVk ~kVn (3.26)

In conclusion, we find that

i
Theorem 3.8: In the GBK-5RF,, covariant derivative of Berwald on the fifth order for torsion tensor H ki and of the second order

1
for torsion tensor kh both are equal if and only if (3.26) holds good.
On account of the condition [4]:
BBy Py = Py + by (1 =1) vy (3:27)

and in view the condition (2.7), we obtain

BSBquBanHk =B, By, B, (3.28)
If and only if
asqlank + bsqlnm (n - l) Vi = 9mnty + Opn (n =Dy (3-29)

In conclusion, we find that

Theorem 3.9: In the GBK-5RF , covariant derivative of Berwald on of the fifth order for the curvature vector H, and second order
for the curvature vector P, both are equal if and only if (3.29) holds good.
Using (1.11c) in (2.1), we obtain
i i i i
BBy ByBuBuR jin = @sqinm® jkn * Psginm (5hg k%8 jh) (3:30)

i i i i
~Csqlnm (5h Cjkn s thn ) - dsqlnm (511 Cjkl B’ thl)

i i r i i
~€sqinm (%C kg ~ %€ jng ) ~2by1umY Br (%C ks ~ % C jins )
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it it
+BquB[Ban(Cthkh) - asqlnm(cthkh ).

This exhibits that

i

i i i
BquBanBijkh = asqlnijkh + bsqlnm (5hgjk =% & in )

i i i i
= Csqinm (‘%C kn =% Cjhn ) =4 qlnm (%C ik~ % Cim )

i i r i i
~Csqlnm (5hcjkq s thq ) h qulnmy B, (511 Cjks B’ ths)
If and only if

it it
BSBquBﬂBm (Cthkh )= asqlnm (Cthkh )
In conclusion, we find that

i
Theorem 3.10: In the GBK-5RF,, Cartan’s third curvature tensor R Jjkh is GBK-5RF  if and only if (3.32) it holds good.

Multiplying (3.30) by 9 and let the space be a Berwald space and using (1.15a), (1.11f), and (1.1f), we obtain
ByByBiBuBmR i = dsgium® jsen + Osqinm (ghfg ik~ 88 jh)

=241 By (ghfcjks ~ 81 js ) ™ Csqlnm (ghfcjkn - gkfcjhn)

~sqinm (g w € jkt = Ekr C i ) ~ sqlnm (g 1€ jkg = 8kf Cjng )

+ByB, BB, B, (cjﬁH,’ch) ~Agginm (cjﬁH,’(h)

This exhibits that

BquBanBijﬂch = “sqlnijfkh

If and only if

r
bsqinm (ghfgjk - gkfgjh)_zbqlnmy 5 (ghfcjks - gkfcth)
~Csqinm (ghfcjkn =84 C ipn ) =4 sqinm (ghfcjkl - gkfcjhl)
t
7esqlnm (ghfcjkq - gkath ) + BquBanBm (ijtHkh)

t
~sqinm (Cjﬁ‘Hkh) =0

Summation over the indices i and h in condition (3.30), using (1.13a), (1.1h), (1.1f) and (1.14c), we obtain
BB, BB, B, R ;= Ry +b i (n-1)g, ~2b, v B, (n-1)C
s2q=1PnPm” ke = Csqinm™ jk +Osqinm \" ~ &k ~“Pqinm” Pr\"— Jks
~Csqlnm (n - 1) Cjkn B dsqlnm (n - 1) Cjkl ~ Csqlnm (n - 1) Cjkq
B.B,B,B,B, (C* H' ' H'
T B5Bg PP m ( Jt ku)_asqlnm( Jt ku)
This exhibits that

ByByBByByR i = R ik
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If and only if
-
bsqlnm (" - 1)gjk - 2bqlnmy B, (n - 1) Cjks ~ Csqlnm (n - 1) Cjkn
u .t
_dsqlnm (n - 1) Cjkl ~ Csqlnm (” - 1)Cjkq + BSB!IBZBHBM (Cthku)

u .t
~sqlnm (Cthku) =0 (3:38)

Multiplying (3.36) by g/, and let the space be a Berwald space and using (1.15b), (1.13c), (1.4d) and (1.1e), (1.1th), we obtain
r
BquBanBmR = asqlnmRJrn(n _l)bsqlnm _qulnmy B, (n—l)CS

~Csqlnm (n _1) Cy _dsqlnm (’l —1) ¢ = sqinm (n —1) Cy

+ [BquBanBm (CJ'{IHltcu )= asqlnm (C;ltHltcu )]gjk (3-39)
This exhibits that

BSB(IBIB”B’”R = asqlnmR (3.40)
If and only if

bsqlnm B 2bqlnmyrBI’CS ~ Csqlnm Cn = dsqlnm G- Csqinm Cq

+ [ BB, BB, B, (CYyHy, ) - sgim (Yl ) /%~ o (.41)

In conclusion, we find that

Theorem 3.11: In the the GBK-5RF,, in the sense of Berwald space the covariant derivative of Berwald on the fifth order for

associate curvature tensor R, of the tensor R;’kh and the curvature scalar R all are proportional to the tensor itself if and only if
(3.35) and (3.41), respectively hold good.

Theorem 3.12: In the GBK-5RF,, (in the sense of Berwald space), the covariant derivative of Berwald on the fifth order for the Ricci
tensor Rjk is proportional to the tensor itself if and only if (3.38) it holds good.

Using (1.11d) in (2.1), we obtain

i i vl i roi
BBy BBy By (H e = Py = PigcFop + P + LipFre)

i P e rog i i
= asatnm H jon ~ Fign ~ FjiFen + Pinge + FinFea) * bsginm (5hgjk‘5kgjh)

i i i i
~Coglnm (5hcjkn =% Cinn ) ~ 4 salnm (5hcjk1 i’ thl)

i i ro i
~€sqinm (%C kg %% jng ) =251 By (%C ks ~ %% C jns ) (3-42)

Summation over the indices i and h in condition (3.42), using (1.14d), (1.1h), (1.1f) and (1.4c), we obtain

t rot t
ByBy BBy By (H jy = Pigy = Py By + Py +

rPt

P rk)

Jt

t r ot t rt
= Againm (ij “Pie = Picbre + Pk +le‘Prk)+bsqlnm (n _l)gjk

_2bqlnmyrBV (" - 1) Cjks ~ Csqlnm (n - l) Cjkn _dsqlnm (n -1 Cjkl

017
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~Csqlnm (n B 1) Cjkq (3-43)
We can express the above equation in different ways as

BBy BBy ByH . =y H iy (3.44)

If and only if

t r .t t r ot
BB, B,5,,5 (ijt + PPy = Piy = Pjtprk)

t

rot t
+ 4sqinm (_ijt B ijp

oot

vt + Pige ¥ BB ) + bgginm (n _l)gjk
-

72bqlnmy B, (n 71) Cjks ~ Csqlnm (n 71) Cjkn

_dsqlnm (n - 1) Cjkl ~ Csqlnm (n - 1) Cjkq =0 (3-45)
In conclusion, we find that

Theorem 3.13: In the GBK-5RF,, in the sense of Berwald space, the covariant derivative of Berwald on the fifth order for the Ricci
tensor H,, is proportional to the tensor itself if and only if (3.45) it holds good.

4. Composition relations between Cartan’s third curvature tensor and conformal Curvature Tensor in GBK-5RF_

In this section, we presented the relationship between Cartan’s third curvature tensor R, and conformal curvature tensor C
in GBK-5RF,

ijkh

Definition 4.1: A conformal curvature tensor C,,, (also known as Weyl conformal curvature tensor) is defined as [2]:

)

R

1
Riiten = Cijen +E(gikth + 8 ip Rk — &Ry — gijih)+g(gihgjk - gikgjh) (4.1)

Taking the covariant derivative of 5™ order for (4.1) in the sense of Berwald, we obtain

1
BBy By BB Ry, = BBy ByBaBn i+ BoByByB, B

R
(gikth T iRk~ 8inR ik — & juRin ) + By By BB, By, [6(gihgjk ~8ik& jin )} (4.2)
Using (1.11f) and (1.15 a) in (4.2), we obtain

&rj

1
r
By, 5y BBy Rigy, = B3B8/, B i+ Bl By By

R
(gikth 8 inRik ~ SinkR jk *gijih)+ BBy BB, By [6(gihgjk gikgjh)} (4.3)
We can express the above equation in different ways as
1

. BBy By Bn B Cijin +~ BsBy B Bubm (gikth T8 jnRik ~ 8inR jk gijih)
BB iy =~ R (44)

-

7 +BSBqBIBan |:6(gl-hgjk - gikgjh ):l
In conclusion, we find that

Theorem 4.1: In the GBK-5RF , (in the sense of Berwald space), the covariant derivative of Berwald on the fifth order for Cartan’s
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r
third curvature tensor R;i; and the conformal curvature tensor C.,., linking together by the relation (4.4).

ijkh?
From (4.3), we have

)
By BB, iy = 217858, 58,5 Ciy = 2,5 (BSBquBanRikh) “ws)

If and only if
1
> BsBqB1BnBm (gikth +8 iRk~ &ipRjx ~ gijih)

R
+ ByBy BB, By, |:6(gihgjk - gikgjh):l =0 (4.6)

In conclusion, we find that

Theorem 4.2: In the GBK-5RF,, (in the sense of Berwald space), the covariant derivative of Berwald on the fifth order for the

-
jun 18 proportional to the Berwald covariant derivative of the Cartan’s third curvature tensor Rixn by
(4.5) if and only if (4.6) it holds good.

conformal curvature tensor C,
Using (1. e 1), when[; = h = k] in (3.31) and using it in (4.4), we obtain

1
BBy By BBy, Cippy + 5 BB, B,B,5,, (gikth + & iRk ~8inR ke — & i Rip )
Rl - -
ikh u . R w7
sqlnm Srj +B,B, BB, B, [6(gihgjk _gikgjh)j| 4.7
In conclusion, we find that
r
Theorem 4.3: In the GBK-5RF , the Cartan’s third curvature tensor Rikh and the Berwald covariant derivative of the fifth order for
conformal curvature tensor Cijkh’ linking together by the relation (4.7).

The linking of Cartan’s third curvature tensor with the conformal curvature tensor is a relationship between two tensors in
differential geometry. The first tensor is Cartan’s third curvature tensor which measures the local curvature of a metric space. The
second tensor is the conformal curvature tensor which measures the local curvature of a transformed metric space. The relationship
states that Cartan’s third curvature tensor can be expressed as the product of the conformal curvature tensor and the metric factor.

The relationship linking Cartan’s third curvature tensor with the conformal curvature tensor can be used to study the properties
of transformed metric spaces. For example, it can be used to determine whether the metric space is connected or not.

Findings summary

In general relativity, the metric in Finsler space is defined as a function that depends on the velocity vector. A recurrent Finsler
space is a Finsler space where the metric is symmetric around the velocity vector. The fifth order is the order of the velocity vector.
In this context, (recurrent) refers to the fact that the metric depends on the velocity vector up to the fifth order. A generalized fifth-
order recurrent Finsler space can be used to:

- Describe anti-desitter spacetime, where the metric is negative.

- Describe curved spacetime, where the metric depends on the spatial and temporal coordinates.

- Describe multi-dimensional spacetime, where there are more than three spatial dimensions.
Conclusion

A generalized fifth-order recurrent Finsler space is a new geometric structure with great potential. It can be used to describe a
variety of geometric structures. Research on these new structures is still ongoing, but there are many potential applications for them.
For example: developing new models of the universe, studying the properties of dark matter, and developing new technologies for

space travel.
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