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The cell volume distribution in the three-dimensional Poisson-Voronoi tessellation is simulated for a data set of 400000000 cells. The probability density of the
distribution is estimated using the Gaussian-kernel method. Analytical approximation of the estimated probability density by the generalized gamma distribution with
different sets of the three parameters is discussed. We show that the set of parameters proposed by Lazar et al. (2013) does not lead to a satisfactory analytical
approximation, whereas the set of Tanemura (2003) ensures a significantly better accuracy of approximation. We propose a method for determining the parameters
that provides the required values of the mean volume, mean squared volume, and mean cubed volume of cells. These three values may be obtained theoretically or
from simulation. As a result, we obtain a system of three equations for three parameters of the generalized gamma distribution. The solution of this system leads to the
approximation whose accuracy is close to that of the Tanemura approximation. In addition, we use the least squares method to determine values of the three parameters

and obtain the best analytical approximation for the results of our modeling of the distribution of cell volumes in the spatial Poisson-Voronoi tessellation.

Introduction

The spatial Poisson-Voronoi tessellation (diagram)
presents a random subdivision of space and consists of cells
[1,2]. This tessellation has been used in both the natural
and social sciences (e.g., see Section 5.3 in Ref. [1] and
Section 1 in Ref. [3]). Recently, we used it for the simulation
of the structure of nanostructured glasses in the calculation
of their light scattering [4,5].

To form the spatial Poisson-Voronoi tessellation, a
system of initial points (nuclei) randomly distributed in
space is considered, and a cell relating to a given nucleus is
taken as the set of all points that are closer to this nucleus
than to any other. The points equidistant to the two nearest
nuclei form the boundary between two corresponding cells.

In this paper, we will discuss the distribution of cell
volumes for the spatial Poisson-Voronoi tessellation.
Throughout the paper, we use dimensionless variables p

and w for distance and cell volume, which are related to the
usual distance r and cell volume Q by equations

p= rn1/3 , @ = nQ, (1)

where n is the mean number density of nuclei. Note that
the mean number density n and the average cell volume
Q_ are related to each other: Q, =1/#n. Therefore, in the
dimensionless space, the average volume w_ of cells of the
Poisson-Voronoi tessellation is equal to unity:

(2]

y =0=nQ, =1. (2)

Correspondingly, the mean number density of nuclei in
dimensionless representation, y =1/ o, =1 is also equal to

unity.

Gilbert [6] derived the first analytical expression for
the variance of the cell volume distribution and calculated
the numerical value var(w) = (@-w,)* =0.180, which was

refined later [7,8]
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Var () = 0.179032437845 (3)

Kiang [9] carried out the first Monte Carlo simulation
of the cell volume distribution for the planar and spatial
Poisson-Voronoi tessellations and proposed to approximate
the simulated probability density by a y-distribution. Later,
this distribution was simulated by numerous authors
(papers [10-13] can be cited as the earliest). The most
representative simulations were presented in the papers
[3,5].

Several analytical expressions for the description of the
simulated probability density of the cell volume distribution
for the spatial Poisson-Voronoi tessellation were discussed
by Lazar et al. [3]. The authors concluded that the three-
parameter expression suggested by Tanemura [14]

/ -1
fc,T (a)) = aﬂy s exp (—ﬂa)a)/ I'(y/a) (4)
with their parameter values [3]
a =1.1580, B =4.0681, y =4.7868 (5)

provides a best fit to the results of their simulation.

In the present paper, we use the results of our simulation
ofthe cell volume distribution in the spatial Poisson-Voronoi
tessellation to obtain the new values of parameters in Eq.
(4) which lead to a significantly better analytical description
of our numerical results and the results simulated by Lazar
etal. [3].

Simulation of the cell volume distribution in
the spatial Poisson-Voronoi tessellation

The dimensionless variables p and w for distance and
cell volume (Eq. (1)) were used in the simulation. In a
given series of computer experiments, the spatial Poisson-
Voronoi tessellation was simulated in specimens that were
cubes with a fixed edge L. We used the values of L from 20 to
40 in different series of computer experiments. The mean
number density of nuclei in the dimensionless variables is
equal to unity, and hence, the mean number of nuclei in a
specimen was L3 = 8000 — 64000

To determine the number Nc,j of nuclei in each

specimen j belonging to the series, a generator of pseudo-
random numbers with a Poisson distribution and the
mean value L? was used. The random positions of nuclei,

Xji» Vs 2 (1=12,...N. ;) in specimen j were given
by the pseudo-random number generator with uniform
distribution over the interval [o,L].

Volumes of cells were calculated by numerical
integration. To eliminate the surface effects in the
calculation of the cell volume distribution, cells with nuclei
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located in a surface layer with the thickness Py = 1.8 were
ignored in the calculation of the mean volume and volume
distribution. Several interior cells in a specimen | were

denoted as Nic,j .

The probability density of the cell volume distribution
was estimated using the calculated values of cell volumes
and the kernel method with the Gaussian kernel [15] (see
also Eq. (32) in Ref. [5]). The kernel method was used
to determine a typical statistical error of the estimated
probability density (see Sections 3.1.2, 3.3.1 and 3.3.2 in
Ref. [15] and Egs. (33)-(40) in Ref. [5]).

The simulation is described in detail in Ref. [5]. Note
that the ensemble of cells used in the present paper for the
Gaussian kernel estimation of the probability density of the
cell volume distribution is more representative than that in
Ref. [5].

Results of the simulation

Here we present the results of the simulation for cubic
specimens with edge L = 40. The number of specimens in
the series of computer experiments was J = 8500. As in Ref.
[5], the sample of interior cells in the series was used for
estimation of the average , , the variance Var (a)) and the

mean value <w3> :

8
Ny 2 4.099x10°, @, =1.00002 +0.00005, Var(w)

\ (6)
=0.17905, o~ =1.5967 +0.0003,

where N,_is the number of interior cells in the series under
consideration, and the statistical errors are given for the
confidence level (the confidence coefficient) 0.99. To our
knowledge, this is the largest data set for estimation of
the cell volume distribution in the spatial Poisson-Voronoi
tessellation. Data sets of 2.5 x 108 and 3.6 x 108 cells were
used for this purpose in Refs. [3] (see Section IV.A) and [5]
respectively.

This sample of interior cells was used for calculating

the Gaussian-kernel estimator fc,h (w) of the probability

density f.(®) of the cell volume distribution in the spatial
Poisson-Voronoi tessellation. The calculation was carried

out for discrete values of ; =0.02i (i =1,2,...,170) in the

interval 0.02<w; <3.4. For the calculation of the kernel
estimator fc,h (a’i), the optimal window width (smoothing
parameter) was used

/5

thypy = 0.3686 N, = 0.00698 = 0.007, (7)

op

(see Eq. (39) of Ref. [5]) where the value of N_is given
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in Eq. (6). The calculated values fc,h (0),-) are presented in
Figure 1a by circles.

The typical statistical errors Er,{f. ;,} of the estimator
fon (a)) were calculated using two approaches A1 and A2

(see Egs. (33)-(40) in Ref. [5]). The results of the calculation
are shown in Figure 1b by black dotted and green solid
curves for approaches Al and A2, respectively. One can
see that both approaches give typical error values which
are approximately equal to each other. Maximum absolute
values of the typical statistical error are less than 4 x 10*
and take place at » = 0.7 - 0.8. As we concluded earlier ([5],
p. 9, the end of the left column), the approaches A1 and A2
give a good description of the typical statistical error of the

estimator /. j, (60) .

o
1

+ data of our simulation for
L=40, J=8500, N,_=4.099x10°,

7=0.007=/__ =0.00698

opt

—— fop(@). Eq.(4).
0.5 our parameters (Eq.(8))

(@)

Probability density f (@)

0.0 T T T T T
0.0 0.5 1.0 15 2.0 25 3.0 3.5
()]
“2 0,008 ] 1 +Err{f ;) for two approaches
o (b) = === approach A1
= b ——— approach A2
t:‘ 0,004 -
a5 ]
~ @
E 0,000 25 3,0
S
T
g 0,004 Jel o) -1 1(®)
= 1 Je@): (L=40..J=8500, 1=0.007)
~ 0008 : fz;,T (@): Eq.(4) with two sets of parameters

= (1) - parameters of Ref. [3](Eq.(5))
= (2) - our parameters (Eq.(8))

Figure 1: (a) The kernel estimator fc,h (a)) of the probability density fc ((0)
of the cell volume distribution in the spatial Poisson-Voronoi tessellation obtained

in our simulation and the approximate analytical probability density fc T (a))

(Eq. (4)) calculated with our set of parameters (Eq. (9)). (b) The difference between
the kernel estimator fc,h (a)) obtained in our simulation and the approximate
analytical probability density fc,T ((0) (Eq. (4)) calculated with two sets of
parameters (Eq. (5) (curve 7) and Eq. (9) (curve 2)) in comparison with the typical

statistical error of simulation EWa) {fc h } calculated using two approaches.
9
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Comparison of the results of our simulation
with those presented by Lazar et al. (2013)

The graphical data on the probability density f,.(®)
of the cell volume distribution in the spatial Poisson-
Voronoi tessellation are presented by circles in Fig. 10 of
Ref. [3]. We digitized these data and compared the results

of digitization with the estimator fc,h (w) presented in

the previous section (Figure 2a-2d). Both sets of simulated
values are found to be in good agreement. Some differences
in the values (especially at » = 0.05 and o > 2.6 - see Figs.
2c and 2d, respectively) are obviously caused by errors of

digitizing for small values of f,.(®).

We can also compare the values of the variance of cell
volume distributions. The standard deviation o, = 0.4231
is given in the caption to Fig. 10 of Ref. [3]. This value

corresponds to the variance Var(a)) = 0'5) = 0.17901, which
is slightly less than the theoretical value Var(a)) = 0.17903
given by Eq. (3). On the other hand, our value of variance,

Var(w);0.17905 (Eq. (6)), is slightly greater than the
theoretical one.

In addition, the positions of the maximum and the
maximum values of the probability density are found to be
the same in both simulations (see Ref. [5], p. 9, the end of
the left column).

Thus, the results of the simulation carried out in Ref. [3]
and our simulation are in good agreement.

Approximation of the probability density of
the cell volume distribution in the spatial
Poisson-Voronoi tessellation by the analyti-
cal function

As noted by Lazar et al. [3] and cited in Section 1, the
three-parameter expression suggested by Tanemura (Eq.
(4)) with the parameter values found in Ref. [3] (Eq. (5))
provides a best fit to the data simulated by these authors.
To obtain these values of parameters, the authors used the
exact values for the mean and variance (see Egs. (2) and
(3)), and a least-squares fit to the simulated data set.

However, Figure 10 of Lazar et al. [3] shows that in the

vicinity of the maximum, the values of fc,T (a)) (Eq. (4))

with parameter values found by these authors (Eq. (5))
are somewhat less than the simulated probability density.
The same conclusion follows from Figure 2b, which gives a
more detailed description of the probability density in the
vicinity of the maximum.

To find a better analytical approximation of the
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Figure 2: The kernel estimator fc,h (a)) of the probability density fc (a)) of the cell volume distribution in the spatial Poisson-Voronoi tessellation obtained in our

simulation and the results of digitizing the simulated probability density presented by circles in Fig. 10 of Ref. [3] in a wide interval of = values (a), in the vicinity of the

maximum (b) and in the ranges of small (c) and large (d) values of . The approximate analytical probability densities fc T (60) (Eq. (4)) for two sets of parameters

(Egs. (5) and (9)) are also shown in parts (b)-(d).

simulated probability density by expression fC,T(w)

(Eq. (4)), we used for determination of parameter values a
method somewhat different from that used in Ref. [3]. We
imposed three conditions on parameters @, andy:

® F[(y+1)/a:|
= do=—— " =1,
0] (f)wfc,T (a)) w ﬂl/a o (8a)

;7 ” _l"l:(;/+2)/a:|

2.
o :(j)w ,fC’T(a))dwf 5 =1+ Var(w) = 1.1790324 ,

BTy /)
(8b)
o0
o = Ia)3fc’T (0)do = M =15967  (8c)
0

B~ Ty la)

(Note that fc,T (60) is normalized for any values of
parameters). The first two conditions (Egs. (8a) and (8b))
are the same as those used in Ref. [3]. The value of <a)> =1

is connected with the choice of the dimensionless distances
(Egs. (1) and (2)). For var(w), we took the theoretical

3
value (Eq. (3)). The value of <0) > was determined in our

computer experiments (Eq. (6)). These three conditions
(Egs. (8a), (8b), and (8c)) were considered as a system
of three equations for parameters «,f and y . We solved
the system numerically using various guess values for
parameters (including values determined in Ref. [3] (see
Eq. (5)) or by Tanemura [14], or even the simplest ones,

a = f =y =1) and obtained the same solution:

a =1.14373, B = 421631, y = 4.89155. 9)

It should be noted that these values of parameters
ensure the fulfillment of Egs. (8a), (8b) and (8c) with an
accuracy of, =~ 2><1o_6,; 6x10_6 ,and = 10_5, respectively

(Table 1). The values

o =1.14373229793, S = 4.21630858859, y = 4.89154717005
(10)
lead to the practically exact fulfilment of Egs. (8a)-(8c)

(Table 1). However, we showed that the accuracy of the
representation of the parameters used in Eq. (9) is quite

Citation: Shepilov M. On Analytical Approximation of Cell Volume Distribution in Three-Dimensional Poisson-Voronoi Tessellation. Ann Math Phys. 2026;9(4):231-239.

Available from: https://dx.doi.org/10.17352/amp.000200



g’ PeertechzPublications https://www.mathematicsgroup.us/journals/annals-of-mathematics-and-physics 8
Table 1: Some characteristics of the generalized gamma distribution fC T (a)) (Eq. (4)) for four sets of parameters a,ﬂ and 7 :the mean values

n b
[0 (n = 1,2,3,4) calculated by analytical Egs. (8a), (8b), (8¢c) for 7 = 1,2,3 and by a similar equation for 77 = 4 | the sum of absolute values of residuals, A,
and the sum of squared residuals,S, calculated by Eq. (11) using the simulated probability density fc,h (w) (L =40,J =8500,h =0.007 = hopl =~ 0.00698).
The relative errors (rel. err.) of the mean values <a)> , <a)2> and <a)3> calculated analytically for each set of parameters were determined relative to the exact, theoretical

and simulated values, respectively (see Egs. (8a), (8b) and (8c) and the text below them).

The source of a)2 3
parameters < > [0
w , 4
a,p and y a B ' (rel. err.) ' w
’ i aitati (rel. err) Theoretical (rel. err) . o
a"fj ttrlflr citation Exact value = 1 value B Our simulated
In this paper lue 1 1.5967
11790324  A1°
Ref. [3], 0.999989, 1.1807, 1.6025,
1.1580 4.0681 4.7868 2.4522 0.307 1.34x1073
Eq. (5) (- 0.0011%) (0.14%) (0.36%) *
Ref. [14], 0.999745, 1.1783, 1.5941,
1.167 4.04039 4.79 2.42 102 1.37x10*
Eq. (14) 6788 0403 803 (- 0.026%) (- 0.06%) (- 0.16%) 88| 010 37x10
This work, 1.000002, 1.179038, 1.59671,
1.14373 4.21631 4.89155 2.4370 0.104 1.72x10*
Eq. (9) (0.0002%) (0.0005%) (0.0006%) *
Thi k,
E(IJS z%r) ! 1.14373229793 4.21630858859 4.89154717005 1.0000000000 1.1790324 1.5967000 2.4370 0.104 1.72x10*
This work 0.999863 1.1781 1.5932
! 1.16239 4.09048 4.83211 ! ! ! 2.4262 0.0717 5.49x10°5
Eq. (15) (- 0.014%) (- 0.08%) (- 0.22%) *

up to a value of w =5, which is significantly greater than

sufficient for the calculation of the function f, p (co) (Eq.
’ the maximum volume value in our simulation (@ =34

(4))-
5 3 ). In the whole range of large values of volume, 2 < w <5
We used three mean values, <w>,<a) >and <w >’

to determine the approximation parameters in Eq. (4).

, the probability density simulated in Lazar et al. (2013)

These mean values are simple analytical functions of
the approximation parameters, and the system of three
equations is easily solved numerically and has the same
solution for a variety of guess values for parameters. The
resulting approximation describes the simulation results
well (Table 1). The proposed method is simple to implement
compared to the least-squares method, which can also lead
to unsatisfactory approximation (see Section 6).

It should also be noted that, if desired, one can use a

3
similar method with another parameter instead of <w >,

such as the mode or higher-order moment. However, this
parameter must be known from computer simulation or
from theoretical considerations.

The function fc,T (‘") with parameters given in Eq.

(9) provide a much better description of the simulated
probability density in the vicinity of the maximum than

the function f. 7 (a)) with parameter values found in

Ref. [3] and reproduced by Eq. (5) (Figure. 2b). The two
descriptions give close results in the range of small values
of w (Figure 2c) and do not differ appreciably in the range
of large values of w (Figure 2d).

It should also be noted that the simulated probability
density f (o) is presented in Ref. [3] (the inset in Fig. 10)

is well described by the analytical function fc,T (‘") (Eq.
(4)) with parameters proposed by these authors (see Eq.
(5)). Because the analytical functions fc,T (‘") for both
sets of parameters (Egs. (5) and (9)) are close to each other
in the range 2 < w <5 (Figure. 2d, dots and solid line), we
can conclude that the function f. r (a)) with our set of

parameters (Eq. (9)) gives a good description of simulation
data atleastupto w=35.

difference  between

fc,T (a)) (
L =40,J =8500,i =0.007 ;hopt = 0.00698 ) and the analytical

shows  the
probability

Figure 1b

the  simulated density

function fc,T (a’) calculated with two sets of parameters
(Egs. (5) and (9)):

r=f,(0)-f. (o), i=12,..,170,

170 170 (11)
@, =0.02i, A=) ||, S=>7r"

i=1

i=1

The difference presents an error (residual) ri of the
approximation of the simulation results by the analytical
function. The total difference is characterized by the values
of A and S, the latter being used in the least squares method.
The residual curves (Figure 1b, curves 1 and 2) demonstrate
irregular fine structure (the ripple structure) caused by
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the statistical nature of fc,h (60), and the “amplitude” of
the ripple structure is approximately equal to the typical

statistical error of simulation Err,, {f, ,} showninthe same

figure. The residuals calculated for other series of computer
experiments differ from those presented in Figure 1b only
in the ripple structure, while the general form of the curves
remains practically unchanged.

Residuals curves (curves 1 and 2 in Figure 1b,) show that
our set of parameters (Eq. (9)) gives a significantly better
approximation of the simulation results in comparison
with the set proposed in Ref. [3] (Eq. (5)). The conclusion
is confirmed by estimation of the sum of absolute values
of residuals, 4, and of the sum of squared residuals, S (Eq.
(11)). The results of the estimation are presented in Table 1
and show that we reduced 4 and S by a factors of 3.0 and 7.8,
respectively. In particular, our parameters are preferable
from the point of view of the least squares method, since
they lead to a smaller value of S.

Discussion

According to the analysis presented above (Section 4 and
Figure 2), one can conclude that our numerical simulation
of the cell volume distribution leads to results that are in
good agreement with the results of the most representative
previous simulation carried out in Ref. [3].

It should be noted that Lazar et al. [3] do not specify how
the values of the simulated volume distribution density
presented in Fig. 10 of their paper were calculated and do
not give the errors of these calculations. It may be assumed
that in these calculations the density was calculated as a
histogram.

For the calculation of the probability density of the
cell volume distribution in the spatial Poisson-Voronoi
tessellation, we used the kernel method with the Gaussian
kernel. This method allows one not only to calculate the

probability density fc,h (w) (Figure 1a) butalso to estimate

its typical statistical error Errg,{f. ;} (Figure 1b).

Although the probability densities simulated in Ref. [3]
and in the present paper are in good agreement (Figure 2),
the accuracy of their analytical approximation by Eq. (4)
is significantly better if our parameters (Eq. (9)) are used
instead of the parameters (Eq. (5)) proposed in Ref. [3]
(Figure 2b).

In our opinion, insufficient accuracy of the
approximation given in Lazar et al. (2013) may be caused by
amanifestation ofalocal minimum in the least-squares fit to
the simulated data set carried out in this reference. Indeed,
in the case of non-linear least squares approximation with
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several parameters, the sum S of squares of approximation
errors (residuals) (Eq. (11)) as a function of parameters
“may be very complicated, in particular, it may possess
numerous local extrema” [16]. Frequently, the procedure
of minimizing will converge to the local minimum ‘nearest’
to the initial values of parameters (the first guess). Using
another starting point in «— /-y space, one can find
another minimum which may be less or greater than the
previous one. Since, in fact, we are interested only in the
local minimum that has the absolute lowest value of the
sum S, it is clear that a large part of solving the problem is
to make a ‘good’ first guess. In our method of determination
of the parameters (solving the system of Egs. (8a)-(8c)),
difficulties of a ‘good’ first guess are avoided.

Let us compare the analytical approximations discussed
above with three other approximations proposed earlier.
To approximate the simulated probability density, Kiang [9]
proposed the y-distribution

fox (0)= p(p0)”

which is normalized to unity and gives the average
volume “@~" and the variance Var(a)):l/p. This
distribution with values of p from =537 =62 was
used by many authors for analytical approximation of
simulated data on the volume distribution of the 3D
Poisson-Voronoi tessellation (see, for example, [3,5,9-
11,13,17-19]). In particular, it was shown [17] that the
y-distribution with the parameter value of p=5.586,
which gives the variance Var {a)} =1/ p =0.179 close to the
theoretical one (Eq. (3)), provides a good fit to simulated
data. Figure 3 shows the y-distribution f, g (w) with the
parameter value of p =35.58558, which gives the variance
Var{a)} =1/ p=0.1790324371 equal to the theoretical one
with the absolute accuracy of 1x10 ~. For comparison,

- exp(—pa))/l"(p), (12)

the simulated probability density f, , (a)) (the same as in
Figures 1a and 2) and the analytical probability densities
Je,r (“’) (Eq. (4)) for two sets of parameters (Egs. (5) and

(9)) are also shown in Figures 3a-3c.

One can see (Figure 3a-3c) that the approximation
by the one-parameter y-distribution (Eq. (12)) with the

parameter value of p =5.58558 is inaccurate in the vicinity
of the maximum, and in the ranges of small and large values

of the dimensionless cell volume ®.

The three-parameter y-distribution (Eq. (4)) with the
parameters proposed in Lazar et al. (2013) cannot ensure
a good approximation of the simulated data in the vicinity
of the maximum (Figure 3a). Our set of parameters (Eq.
(9)) gives a much better approximation as illustrated by
Figure 3d. As noted in the end of the previous section, this
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Figure 3: (a-c): Different analytical approximations of the probability density J‘;;,h (‘”) of the cell volume distribution in the spatial Poisson-Voronoi

tessellation in comparison with the kernel estimator fc (0)) obtained in our simulation in the vicinity of the maximum (a), and in the ranges of small

(b) and large (c) values of the dimensionless cell volume . (d): The difference between the kernel estimator fc,h (a)) and the approximate analytical

probability density fc, T (a)) (Eq. (4)) calculated with four sets of parameters presented in Ref. [3] (Eq. (5), curve 1), Ref. [14] (Eq. (14), curve 3) and this

work (Eq. (9), curve 2 and Eq. (15), curve 4).

conclusion is confirmed by values of A and S presented in
Table 1.

It is interesting to present the function fc,T (‘0) (Eq.

(4)) with two sets of parameters found by Tanemura
[12,14]. The first set is cited by Lazar et al. [3] as a result of
Tanemura [14]:

a =1409, B =2813, y =4.120. (13)

However, this citation is incorrect. Indeed, this set is
mentioned in Section 5 (p. 247) of Tanemura's paper [14]
with reference to an earlier work [12] of Tanemura, where
these values of the parameters were obtained on the basis
of the results of computer simulation.

Lazar et al. [3] also stated that the generalized gamma
distribution (Eq. (4)) was suggested by Tanemura [14],
whereas the references presented in papers [12,20] show
that it was proposed much earlier [21] for approximation
of the cell area distribution in the 2D Poisson-Voronoi
tessellation. The first application to the 3D case was
presented in paper [12] by Tanemura.

Tanemura [14] used a larger simulated data set for
the 3D case (5 x 10 cells) than earlier [12] (10° cells) and

obtained the following values of parameters (see Table 9(a)
on page 244 of Ref. [14])

a =1.16788, S = 4.04039, y = 4.79803 (14)

for analytical approximation of the simulated histogram
by the generalized gamma distribution (Eq. (4)) (see Figure
8 in Ref. [14]). This set of parameters is not mentioned by
Lazar et al. [13].

The generalized gamma distributions /, g,T (‘") (Eq. (4))

with these two sets of parameters (Egs. (13) and (14)) are
also shown in Figure 3. One can see that the approximation

by the function fc,T (0)) with parameters proposed by

Tanemura in Ref. [12] (Eq. (13)) is not very good, and its
accuracy is comparable with the accuracy of approximation

by the one-parameter y-distribution fc,K (“’) (Eq. (12))

with the parameter value of » =5.58558  Figure 3a shows
that parameters proposed by Tanemura later [14] (Eq. (14))
lead to significantly better description of our simulation
data in the vicinity of the maximum than the parameters
of Lazar et al. [3] (Eq. (5)). The differences between the
simulated and analytical probability densities (Figure
3d) indicate that the approximations by the functions
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Jer (a)) with the Tanemura parameters (Eq. (14)) and

our parameters (Eq. (9)) give close accuracies, while the
approximation with parameters of Lazar et al. [3]) (Eq. (5))
is much less accurate.

To confirm this conclusion quantitatively, we evaluated
the sum of absolute values of residuals, 4, and the sum of
squared residuals, S, (Eq. (11)), for the case of the Tanemura

parameters [14] (Eq. (14)) (Table 1). Comparison of

the data presented in Table 1 shows that the Tanemura
approximation [14] is significantly better than that of Lazar
et al. [3], and is somewhat better than our approximation
with respect to the value of the sum of squared residuals, S.

In addition, we approximated the simulated probability
density /., (@) (L =40, = 8500, = 0.007 = gy = 0.00698
) by the analytical function f, (a)) using the least
squares method. We were looking for an unconstrained
minimum of a squared residuals sum, S, as a function of

parameters «, 3, and y . (It should be noted that in Ref. [3]
two conditions (Eq. (8a) and (8b)) were imposed on the
parameters, and only one free parameter was considered).
As aresult, we obtained the following values

a =1.16239, f =4.09048, y =4.83211, (15)

which leads to the least value of S among the values given
in Table 1. For this set of parameters, the value of 4 is also
appreciably less than for other approximations in Table
1. Figure 3d also shows that the difference between the

simulated kernel estimator fc,h (60) and this analytical

approximation is less than for other approximations
discussed in the present paper. Hence, this analytical
approximation gives the best description of the results
of our modeling of the distribution of cell volumes in the
spatial Poisson-Voronoi tessellation.

On the other hand, there is another criterion for the
applicability of the approximation: accuracy of fulfilment of

Egs. (8a)-(8c) for the mean values <a)>,<a)2>and <w3>, In
this respect, the parameters given by Eq. (9) are good, and
the parameters of Eq. (10) are ideal.

The choice of one (Eq. (15)) or another (Eq. (10)) set of
parameters depends on the purpose of the approximation.

Conclusions

The cell volume distribution in the spatial Poisson-
Voronoi tessellation is simulated using = 4.099x10°® cells.
Previously, the most representative simulation was carried
out by Lazar et al., where 2.5x10°® cells were used.
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To calculate the probability density of the cell volume
distribution in the spatial Poisson-Voronoi tessellation, the
kernel method with the Gaussian kernel is applied to the
data set of cell volumes obtained in our simulation. The
method provides a possibility of estimating the statistical
error of probability density calculation. Maximum absolute
values of the typical statistical error are less than 4x107*,

The probability densities obtained in our simulation
and in the simulation of Lazar et al. are found to be in good
agreement.

Analytical approximation of the probability density
obtained in our simulation by the generalized gamma
distribution with different sets of parameters is discussed.
We show that the set of parameters proposed by Lazar et
al. does not lead to a satisfactory analytical approximation
not only of our simulation results, but also of the results of
Lazar et al.

We note that citation of Tanemura by Lazar et al. is
incorrect. The correct citation shows that the parameters
proposed by Tanemura in 2003 lead to a significantly better
description of our simulation data (and of the data obtained
by Lazar et al.) than the parameters proposed by Lazar et al.

We propose a method for determining the parameters
of the generalized gamma distribution that provides the
required values of the mean volume, mean squared volume,
and mean cubed volume of cells. The mean volume is equal
to unity and is determined by the dimensionless formulation
of the problem. The value of the mean squared volume was
calculated theoretically by anumber of authors. The value of
the mean cubed volume may be taken from the simulation.
As a result, we obtain a system of three equations for three
parameters of the generalized gamma distribution. The
solution of this system leads to the approximation whose
accuracy is close to that of the Tanemura approximation.

Finally, we use the least squares method to obtain values
of the three parameters for approximating the probability
density obtained in our simulation by the generalized
gamma distribution. This approach gives the best analytical
approximation for the results of our modeling of the
distribution of cell volumes in the spatial Poisson-Voronoi
tessellation.

Data availability

The data that support the findings of this study will be
made available from the author on request.

References

1. Okabe A, Boots B, Sugihara K, Chiu SN. Spatial tessellations: concepts and
applications of Voronoi diagrams. 2nd ed. Chichester: Wiley; 2000. Chapter

5.
(=]

Citation: Shepilov M. On Analytical Approximation of Cell Volume Distribution in Three-Dimensional Poisson-Voronoi Tessellation. Ann Math Phys. 2026;9(4):231-239.

Available from: https://dx.doi.org/10.17352/amp.000200



E’ PeertechzPublications https://www.mathematicsgroup.us/journals/annals-of-mathematics-and-physics 8

2. Chiu SN, Stoyan D, Kendall WS, Mecke J. Stochastic geometry and its ap- 12. Tanemura M. Random packing and random tessellation in relation to the
plications. 3rd ed. Chichester: Wiley; 2013. Section 9.7.3. dimension of space. J Microsc. 1988;151:247-255. Available from: https://

onlinelibrary.wiley.com/doi/abs/10.1111/j.1365-2818.1988.tb04685.x
3. Lazar EA, Mason JK, MacPherson RD, Srolovitz DJ. Statistical topology

of three-dimensional Poisson-Voronoi cells and cell boundary networks. 13. Shepilov MP, Bochkariov VB. Computer simulation of the crystal volume
Phys Rev E. 2013;88:063309. Available from: https://doi.org/10.1103/ distribution in a fully crystallized glass. Application to the estimation of the
physreve.88.063309 precipitate size distribution after the completion of the stage of diffusion-
limited growth from supersaturated solid solution. J Non Cryst Solids.
4. Shepilov MP. Extremely low light scattering in nanostructured glasses 1990;125:161-167. Available from: doi:10.1016/0022-3093(90)90335-J.
formed by simultaneous nucleation and diffusion-limited growth of particles:
modeling. Opt Lett. 2020;45:3645-3648. Available from: https://doi. 14. Tanemura M. Statistical distributions of Poisson Voronoi cells in two and
org/10.1364/01.386605 three dimensions. Forma. 2003;18:221-247.
5. Shepilov MP. Anomalous light scattering in nanostructured glasses 15. Silverman BW. Density estimation for statistics and data analysis. London:
formed by simultaneous nucleation and diffusion-limited growth of Chapman and Hall; 1986.
particles: modelling. J Non Cryst Solids. 2023;600:121958. Available from:
doi:10.1016/j.jnoncrysol.2022.121958. 16. Riley KF, Hobson MP, Bence SJ. Mathematical methods for physics and
engineering. 3rd ed. Cambridge: Cambridge University Press; 2006. Section
6. Gilbert EN. Random subdivisions of space into crystals. Ann Math Stat. 31.6.2.
1962,;33:958-972. Available from: https://projecteuclid.org/journals/annals-
of-mathematical-statistics/volume-33/issue-3/Random-Subdivisions-of- 17. Pineda E, Bruna P, Crespo D. Cell size distribution in random tessellations of
Space-into-Crystals/10.1214/aoms/1177704464.full space. Phys Rev E. 2004;70:066119. Available from: https://journals.aps.org/

pre/abstract/10.1103/PhysRevE.70.066119
7. Brakke KA. Statistics of three-dimensional random Voronoi tessellations.
Selinsgrove (PA): Department of Mathematical Sciences, Susquehanna 18. Ferenc JS, Néda Z. On the size distribution of Poisson Voronoi cells. Physica

University; 1986, 2005. Preprint. A. 2007;385:518-526. Available from: https://www.sciencedirect.com/
science/article/abs/pii/S0378437107007546
8. Muche L, Ballani F. The second volume moment of the typical cell and

higher moments of edge lengths of the spatial Poisson-Voronoi tessellation. 19. Farjas J, Roura P. Cell size distribution in a random tessellation of space
Monatsh Math. 2011;163:71-80. Available from: doi:10.1007/s00605-010- governed by the Kolmogorov-Johnson-Mehl-Avrami model: grain size
0202-3. distribution in crystallization. Phys Rev B. 2008;78:144101. Available from:

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.78.144101
9. Kiang T. Random fragmentation in two and three dimensions. Z Astrophys.

1966;64:433-439. 20. Hinde AL, Miles RE. Monte Carlo estimates of the distributions of the random
polygons of the Voronoi tessellation with respect to a Poisson process.
10. Hanson HG. Voronoi cell properties from simulated and real random spheres J Stat Comput Simul. 1980;10:205-223. Available from: https://www.
and points. J Stat Phys. 1983;30:591-605. Available from: https://link. tandfonline.com/doi/abs/10.1080/00949658008810370

springer.com/article/10.1007/BF01009678
21. Stacy EW. A generalization of the gamma distribution. Ann Math Stat.

11. Andrade PN, Fort MA. Distribution of cell volumes in a Voronoi partition. 1962;33:1187-1192. Available from: https://projecteuclid.org/journals/
Philos Mag B. 1988;58:671-674. Available from: https://www.tandfonline. annals-of-mathematical-statistics/volume-33/issue-3/A-Generalization-of-
com/doi/abs/10.1080/13642818808211466 the-Gamma-Distribution/10.1214/aoms/1177704481 .full

Discover a bigger Impact and Visibility of your article publication with

Peertechz Publications

Highlights
< Signatory publisher of ORCID
<  Signatory Publisher of DORA (San Francisco Declaration on Research Assessment)

< Articles archived in worlds’ renowned service providers such as Portico, CNKI, AGRIS,
TDNet, Base (Bielefeld University Library), CrossRef, Scilit, J-Gate etc.

< Journals indexed in ICMJE, SHERPA/ROMEQ, Google Scholar etc.

<  OAI-PMH (Open Archives Initiative Protocol for Metadata Harvesting)
< Dedicated Editorial Board for every journal

< Accurate and rapid peer-review process

< Increased citations of published articles through promotions

< Reduced timeline for article publication

Submit your articles and experience a new surge in publication services
https:/www.peertechzpublications.org/submission

Peertechz journals wishes everlasting success in your every endeavours.

Citation: Shepilov M. On Analytical Approximation of Cell Volume Distribution in Three-Dimensional Poisson-Voronoi Tessellation. Ann Math Phys. 2026;9(4):231-239.
Available from: https://dx.doi.org/10.17352/amp.000200



