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We provide a rigorous differential-geometric analysis of two spherical configurations proposed by Sennimalai Kalimuthu, where the sum of interior angles of a figure
formed by three geodesics on a unit sphere S? attains 360° (2m) and 540° (3m). While such figures satisfy the global Gauss-Bonnet theorem 28i = 1t + Area (T), we prove
they are not regular geodesic triangles in the sense of do Carmo. Using the metric tensor ds? = d82 + sin26 d¢?, analysis of boundary tangent vectors, and Jacobian
rank evaluation of the spherical chart, we show that these configurations correspond to a T-lune and a hemisphere with coincident boundaries. At the polar vertex, the
coordinate basis vector 0¢ vanishes, and the Jacobian rank collapses from 2 to 1, demonstrating a degenerate topological state where the two-dimensional interior fails
to be embedded as a regular 2-simplex. The Gaussian curvature K=1 remains intrinsically regular, proving the degeneracy is a chart-dependent boundary singularity, not a
curvature singularity. These configurations serve as explicit, pedagogical examples of collapsed and degenerate manifolds.

Introduction

The classical result of spherical trigonometry states that
for any regular geodesic triangle T on a unit sphere S?, the
spherical excess E = £0i - 7 equals its area, with < 26i <
371 and 0 < Area (T) < 27. This is a direct consequence of the
Gauss-Bonnet theorem, first established by Gauss and Bonnet
[1-4]

The limiting cases where the sum equals exactly 27 or 37
are of particular interest. While often mentioned as examples
of lunes in standard texts, their degenerate differential-
topological structure has not been analyzed in a consolidated
manner. Sennimalai Kalimuthu proposed explicit physical
constructions where three geodesic arcs meet to give 360° and
540° sums [5-7].

The present work addresses two questions: (i) Are such
configurations consistent with global Riemannian geometry?
(ii) What is their intrinsic geometric status? We prove that both

configurations are globally consistent but degenerate. The key
analytical tool is distinguishing between an intrinsic geometric
property, which is invariant under change of coordinates, and
a coordinate artifact. We show the metric degeneracy det (g)=0
at the pole is a well-understood coordinate singularity of the
chart, while the antiparallelism of boundary tangents is an
intrinsic proof of dimensional collapse.

Preliminaries
Regular spherical triangle

A regular geodesic triangle on S? is a region diffeomorphic
to a closed 2-disk bounded by three distinct minimizing
geodesic arcs meeting at three distinct vertices with interior
angles 6i € (0,7) and whose tangent vectors at each vertex are
linearly independent.

Gauss-bonnet for geodesic triangles

For a compact domain T c S?* with piecewise geodesic
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boundary AT and Euler characteristic x(T)=1, [/ T K dA + X (n - 8i)
= 2m. For geodesics, geodesic curvature kg=0. With K=1 for the
unit sphere, this yields 26i = t + Area (T).

Coordinate singularity

The spherical chart ®(8,¢) = (sinb cose, sinb sine, cosb) fails
to be a diffeomorphism at 8=0,rt, where go@ = sin’8 = 0 and
det(g)=0. The underlying manifold S? itself remains smooth, and
K=1is regular.

Main results

We work on the unit sphere S?, R=1, with metric tensor: gij =
diag (1, sin?0), dA = sqrt(det(g)) d6 d¢ = sin® d6 d¢

Theorem 1
The 360° (27r) Configuration is a Degenerate Lune.

Statement: The figure with vertices A = (0, 0), B = (n/2, 0), C
= (m/2,m) has interior angles aA=m, B=m/2, yC=m/2, sum =2,
area =T, and is degenerate.

Proof

a) Angle Sum: Side AB traces meridian ¢=0, length 1/2. Side
AC traces meridian @=m, length m/2. Side BC traces the
equator 6=m/2, Ap=m, length m. At B and C, meridians
intersect the equator orthogonally, so fB=yC=m/2. At A,
the two meridians are separated by A@=m, hence aA=m.
Thus £6i =2m.

b) Gauss-Bonnet Consistency: Excess E =2m - m = m. The
domain is a lune of angle . Its area is Area = [0 [0"
{m/2} sinB dB d¢p = . Hence X0i =t + Area =2m, satisfying
Gauss-Bonnet exactly.

c) Degeneracy and Intrinsic Collapse: Let tangent vectors at
A approaching from B and C be V1 = -98 and V2 = +46.
Using metric evaluation: cos Y = <V1, V2>/(||V1]|| ||V2]])
= gb0(-1)(1)/(sqrt(gb0) sqrt(ghbn)) = -1. Thus P=m; V1
and V2 are anti-parallel. The three points do not span a
2D tangent plane; the boundary collapses to a single great-
circle trajectory. This is an intrinsic property.

d) Coordinate Rank Collapse: The pushforward ] =
d(x,y,2)/0(6,p) at 6=0is J|6=0 = [[cos®,0],[sin¢,0],[0,0]].
Rank (J) =1 <2 = dim (S*) and ||d¢||=sin6—0. The metric
becomes degenerate: det (g)=0. This proves the polar

vertex is a coordinate singularity where the chart fails, not
a singularity of S? itself, since K=1 remains constant.

Theorem 2
The 540° (37) Configuration is a Degenerate Hemisphere.

Statement: Consider the triangle that encloses a hemisphere:
A = North Pole, B and C on the equator with A@ = m, but interior
T is defined as the hemisphere. Alternatively, take A = North Pole,
B and C both at the South Pole approached from longitudes 0 and
1. Then each angle can be made m, sum =3m. In all constructions,
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Area (T) = 2m (a hemisphere). Then X0i =  +2m =3, consistent
with Gauss-Bonnet. The same rank collapse Rank (]J) =1 occurs
at both poles, and boundary tangents become linearly dependent,
confirming degeneracy.

Thus both Kalimuthu configurations are mathematically
consistent as degenerate manifolds, not as regular triangles.

Discussion

The rank collapse demonstrated above must be interpreted
carefully. It does NOT imply a physical curvature singularity
as in general relativity. The intrinsic curvature K of S remains
1 everywhere. What degenerates is the embedding of the
2-simplex. Such dimensional reduction, where a 2D area
collapses to a 1D trajectory, provides only a heuristic, toy-
model analogy for metric degradation discussed in quantum
gravity and cosmic topology literature. We moderate earlier
physical claims to this analogical level, as the present results
are purely within classical differential geometry [8-10].

Conclusion

We have rigorously validated that spherical configurations
with interior sums of 360° and 540° are globally consistent
with the Gauss-Bonnet theorem, with corresponding areas
of m and 2m. Using tangent vector anti-parallelism and
Jacobian rank analysis, we proved they are degenerate lunes
and hemispheres with coincident boundaries, not regular 2D
triangles. We explicitly distinguished the intrinsic regularity of
Gaussian curvature from the coordinate singularity det (g)=0 at
the poles. This framework clarifies Kalimuthu's configurations
as boundary cases of spherical trigonometry and provides a
clear example of topological reduction.
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