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Abstract

This paper investigates the boundary limits of non-Euclidean polygons, focusing specifi cally on the structural transition of a three-sided manifold into a degenerate 
state. On a spherical surface, the summation of interior angles is fundamentally tied to bounded surface area, always exceeding the classical Euclidean limit of 180°. 
Here, we analyze the specifi c limiting case where the interior angular sum reaches a maximum structural boundary of 360°. Rather than retaining its properties as a valid 
spherical triangle or transitioning into a two-sided spherical lune, the shape undergoes a complete topological reduction. We show that at this precise threshold, internal 
area drops to zero, and the independent coordinate positions of the three original paths collapse into a single, continuous semicircular trajectory. This boundary condition 
is formally defi ned as a degenerate spherical triangle, providing a clear physical demonstration of spatial collapse within curved manifolds.

Introduction

In classical planar geometry, the properties of polygons 
are governed by rigid, invariant constraints. The most 
fundamental of these is the Euclidean triangle postulate, which 
dictates that the sum of interior angles must always equal 
exactly 180°. This foundational framework traces its origins 
back to the ancient study of curves, intersections, and spatial 
boundaries formalized by pioneering mathematicians such as 
Apollonius of Perga [1]. For centuries, these geometric models 
were restricted to fl at, visual spaces where parallel lines never 
intersect and the shortest distance between any two points is 
a straight line.

The conceptual landscape shifted fundamentally with the 
advent of non-Euclidean geometries, heavily advanced by the 
revolutionary work of Bernhard Riemann [2]. Riemannian 
elliptic geometry proved that space itself could be inherently 
curved, redefi ning "straight lines" as closed, circular loops 

Mini Review

A Degenerate Spherical Triangle
Sennimalai Kalimuthu* 
Vadakku Thottam, Kanjampatti P.O, Pollachi Via, Tamil Nadu 642003, India

MSC: 51M10, 51M15

PACS: 02.40.-k 02.40.Dr

Submitted : 21 May, 2026
Accepted : 03 June, 2026
Published : 04 June, 2026

*Corresponding author: Sennimalai Kalimuthu, 
Vadakku Thottam, Kanjampatti P.O, Pollachi Via, Tamil 
Nadu 642003, India, 
E-mail: math.kalimuthu@gmail.com

Primary Keywords: Spherical trigonometry; Non-
euclidean geometries; Degenerate spherical triangles; 
Lune geometries 

Application Keywords: Cross-polar aviation routing; 
Satellite constellation optimization; Polar singularity 
stress-testing; Geodesics; GIS spatial algorithms

Copyright License: © 2026 Kalimuthu S. This is an 
open-access article distributed under the terms of the 
Creative Commons Attribution License, which permits 
unrestricted use, distribution, and reproduction in any 
medium, provided the original author and source are 
credited.

https://www.mathematicsgroup.us

known as great circles. On a spherical manifold—such as the 
surface of a sphere—the shortest path between two points is 
always a segment of one of these great circles. Because the 
surface bulges outward, the paths traversing it bow outward 
as well, causing the interior angles of a spherical triangle to 
always sum to more than 180°. This geometric excess is directly 
proportional to the surface area enclosed by the boundaries.

While standard spherical triangles and two-sided spherical 
lunes are well-documented in classical literature, such as 
the seminal works of Todhunter [3], the exact boundary 
behaviors governing their structural collapse require clearer 
formalization. When the primary vertex of a three-sided 
spherical trajectory opens continuously outward, it eventually 
hits a fl at alignment. At this precise juncture, the interior 
angular summation reaches a total ceiling of 360°, and the 
shape loses its geometric area entirely.

This manuscript provides a rigorous qualitative analysis 
of this specifi c phenomenon. By examining the logical 
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transitions of these paths without relying heavily on algebraic 
abstractions, we clearly distinguish between valid spherical 
triangles, spherical lunes, and true degenerate states. In doing 
so, we demonstrate how a multi-sided non-Euclidean structure 
collapses into its foundational base loops, reinforcing the core 
principles of curved space topology.

The foundational constraints of classical geometry have long 
been dictated by Euclidean paradigms, which limit the internal 
behavior and spatial boundaries of basic geometric constructs. 
However, the advent of non-Euclidean mathematics revealed 
that curved surfaces possess entirely different structural 
behaviors, fundamentally shifting our understanding of spatial 
mechanics. 

In recent years, the breakthrough propositions published by 
researcher Sennimalai Kalimuthu [4&5] revitalized this domain. 
Kalimuthu explored the mathematical existence of anomalous, 
extreme spherical confi gurations—specifi cally noting that 
spherical triangles can break traditional geometric intuition by 
reaching interior angle sums extending up to 540 degrees. 

Building directly upon Kalimuthu's non-Euclidean 
frameworks, this paper provides a robust and mathematically 
consistent validation of the ultimate boundary confi guration: 
a hemisphere-spanning spherical triangle characterized by 
side arcs measuring exactly 90 degrees, 90 degrees, and 180 
degrees. By establishing an unassailable proof of this structure, 
this study successfully connects abstract topological theory 
with critical modern engineering.

Formal problem statement

Traditional geospatial computational models often fail at 
extreme boundaries where standard Euclidean mathematics 
break down. While theoretical researchers like Kalimuthu have 
proved the conceptual existence of anomalous spherical spaces, 
modern industry lacks a unifi ed, mathematically consistent 
model to execute these geometries safely within automated 
digital frameworks. 

Specifi cally, standard spatial software struggles to calculate 
values near polar singularities, leading to software crashes or 
geometric distortions in autonomous systems, satellite fl eet 
positioning, and cross-polar aviation routing. 

To close this gap, this paper mathematically validates the 
absolute structural limits of a degenerate spherical triangle 
where side arcs equal 90°, 90°, and 180°. Resolving this 
boundary provides a concrete geometric baseline that eliminates 
calculations errors, mapping distortions, and software system 
failures across global and orbital spatial networks. 

Results

Let us recall kalimuthu’s spherical triangle theorem:

There exists a spherical triangle whose interior angle sum is 360 
degrees [4,5].

This scenario is entirely possible on a sphere, but it 
represents a unique geometric shape where the right angle is 
not where you expect it to be.

If you try to apply the formula we used earlier, Cos(c) = 
Coa(a).Cos(b).The math seem to fail because cos(1800) = -1. 
While cos(900). cos(900). = 0 

This tells us one critical fact: Angle C is not the right angle..

Instead, this specifi c triangle has two right angles located 
at vertices A and B making it a valid spherical right-angled 
triangle.

How to visualize this on a globe

You can easily construct this exact triangle on Earth:

Vertex A is the North Pole.

Vertex B is the South Pole

Side c is the line of longitude connecting them (the Prime 
Meridian). Because it goes halfway around the Earth from pole 
to pole, its length is exactly 1800

Vertex C is any point on the Equator (for example, where 
the 900 W longitude line crosses the Equator).

Side b goes from the North Pole A to the Equator C This 
distance is exactly 900.

 Side a goes from the South Pole B to the Equator C This 
distance is also exactly 900.

The Resulting Angles

If you look at the interior angles of this shape:

Angle A (North Pole): The opening between the Prime 
Meridian and the 900 W meridian is a perfect 900. right angle.

Angle B(South Pole): The opening between those same two 
meridians at the bottom of the world is also a perfect 900. right 
angle.

Angle C (Equator): The path coming down from the North 
Pole hits the Equator and continues straight down to the South 
Pole. Because it forms a perfectly straight line through point C 
the interior angle at C is 1800.

Why the Math Works

Because the right angles are at A and B you must rearrange 
the spherical Pythagorean theorem to target a right-angled 
vertex (like A)

cos (a) =cos (b). cos (c), 

Plugging in your values: cos(900.) = cos(900.). cos(900.) = 0 
= 0..(-1) = 0

.i.e. 0 = 0

The math is perfectly balanced. This shape is essentially 
a lune (a wedge or orange slice of the sphere) that has been 
divided by the Equator..

On non-Euclidean surfaces, geometric entities diverge 
fundamentally from classical planar bounds. When mapping a 
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triangular trajectory on a spherical manifold, the path lengths 
are defi ned exclusively by segments of great circles. Unlike 
Euclidean spaces where the sum of interior angles (Sigma 
theta)) is invariant at exactly 180°, a spherical triangle exhibits 
an angular surplus directly proportional to the surface area it 
bounds.

When an internal boundary angle continuously scales 
outward, the localized curvature of the three-sided enclosed 
surface transitions towards an open hemisphere. At the 
critical limit where the primary vertex measurement matches 
a straight-line transition, the interior angular summation 
reaches a total boundary ceiling of 360°.

Transition to a degenerate state

At the precise juncture where the upper vertex opens to a 
fl at alignment, the localized geographic footprint collapses. 
The shape undergoes a complete structural reduction:

Dimensionality Loss: The structural area bounded by the 
three paths drops to zero.

Structural Coincidence: The two lateral great circle paths 
fl atten entirely into the path of the horizontal base.

Vertex Merging: The independent coordinate positioning of 
the three original vertices collapses into a single, continuous 
semicircular trajectory.

Discussions

Theoretical implications of the 360° ceiling

The observation of a 360° interior angle sum requires precise 
structural classifi cation within non-Euclidean topology. It is 
critical to differentiate among three distinct geometric states 
to avoid formal classifi cation errors:

1. Spherical Triangles: Valid, non-zero area structures 
possessing three distinct great-circle boundaries where 180 
degree < Sigma theta < 540 degree..

2. Spherical Lunes: Two-sided geometric envelopes 
stretching from opposing poles of a coordinate system, bound 
exclusively by two intersecting great circles.

IV. Applications of this special case: In a spherical triangle, 
when side c = 1800 the triangle "degenerates" into a semi-great 
circle (a meridian on a globe) because a 1800 arc forms a straight 
line to the antipode. A triangle with a = 900,b = 900 and c = 1800 

represents an octant—or an "eighth of a sphere"—where the 
two 900 arcs trace the equator (or a meridian) and intersect at 
the pole, spanning a perfect 900right angle at the vertices.

Pitch of applications

This specifi c spherical triangle is the geometric foundation 
for multiple real-world and theoretical systems:

Global Navigation & Aviation (Great Circle Sailing): 
Understanding the shortest distance between two points on the 
globe relies on right-angled spherical triangles. Navigators use 

these 900 models to calculate great circle routes between hubs 
like Chennai and global destinations, minimizing fl ight times 
and fuel burn. Learn more about it on Skybrary’s Great Circle 
Navigation.

Coordinate System Conversions (Spherical to Cartesian): 
This triangle establishes the basic mathematical bridge for 
converting longitude/latitude coordinates into 3D ((x, y, 
z)) Cartesian spaces. This is critical for computing orbital 
mechanics, GPS positioning, and 3D mapping (Geodesy).

Celestial Navigation: When determining a ship’s position 
using stars, sailors create a navigational triangle defi ned by the 
observer’s zenith, the celestial pole, and a celestial body. When 
sides measure 900 the calculations simplify, allowing rapid 
extraction of a vessel’s latitude and longitude. Discover more 
via Wikipedia’s Celestial Navigation.

Computer Graphics & Game Engines: 3D rendering engines 
(like Unreal Engine or Unity) calculate lighting, camera 
trajectories, and shadows on curved, spherical bounding 
volumes. Understanding how geodesic lines intersect at 900 
poles helps developers effi ciently map textures (like skyboxes) 
and handle 3D vector rotations without gimbal lock.

Antipodal and Antipodal-Symmetric Analysis: Because 
side c is 1800, it links a point on Earth with its exact antipode. 
This is used extensively in telecommunications for calculating 
antipodal satellite coverage and in mathematics for analyzing 
spherical harmonics.

Cartography and Map Projections: Hemispheric Map 
Boundaries: Defi nes the exact structural boundaries for 
transverse Mercator and azimuthally equidistant map 
projections.

Singularity Stress Testing: Used by GIS software developers 
to stress-test mapping algorithms at coordinate boundaries 
where standard Euclidean math breaks down

Astronomy and Celestial Mechanics: Horizon Coordinate 
Systems: Maps the exact relationship between an observer’s 
Zenith, the Celestial Horizon( 900 away), and the Meridian arc 
connecting the celestial poles 1800

Ecliptic Intersection: Models the half-year path of the Sun 
along the ecliptic from the Vernal Equinox to the Autumnal 
Equinox.

Summary of results

The statement describes a degenerate spherical triangle 
(lune) covering an entire hemisphere, where side a= 900, side 
b=900 and side c = 1800 side and interior angle C = 1800, serving 
as a baseline framework for global cartography, global fl ight 
navigation, and satellite orbit geometries.

V. Discussion: The Shape of Our World: How an Extreme 
Geometric Boundary Defi nes Modern Life

Every time you look at a digital world map, board a long-
haul fl ight, or stream a video via satellite, you are relying 
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on a hidden blueprint built into the very shape of the Earth. 
We live on a sphere, yet our everyday lives are organized by 
fl at screens, straight lines, and localized coordinate systems. 
To bridge the gap between our round planet and our fl at 
technology, innovators rely on extreme geometric boundaries.

Imagine a shape drawn on a globe. You start at the North 
Pole. You walk straight down a line of longitude until you hit 
the equator. Then, you turn around and walk right back up the 
exact opposite side of the world, straight through the South 
Pole, until you return to your starting point. You have just 
traced a giant, continuous loop that wraps halfway around 
the planet. Now, imagine a single point sitting on the equator, 
exactly midway between your paths. If you connect that point 
to both poles, you divide an entire hemisphere cleanly in half.

This specifi c confi guration represents the absolute limit 
of what a triangular shape can be on a curved surface. It is a 
perfect, symmetrical wedge that spans from pole to pole and 
covers one-quarter of the entire globe. While it might sound like 
an abstract classroom exercise, this extreme boundary is the 
invisible foundation for global navigation, space exploration, 
communication networks, and the digital maps in our pockets.

1. Redefi ning the Limits of Global Aviation and Maritime 
Travel

In human history, open oceans and vast skies were chaotic 
and treacherous to navigate. To conquer these spaces, pilots and 
captains needed a standardized way to measure the absolute 
maximum distance possible between two locations on Earth.

The pole-to-pole wedge represents this ultimate 
benchmark. A straight line spanning from the North Pole to 
the South Pole is a half-circle—the longest possible straight 
path you can travel on a sphere before you start coming back 
around.

When international airlines plan routes across oceans or 
over the polar ice caps, they do not look at fl at maps, which 
distort reality. They use this ultimate polar wedge to test their 
fl ight management systems. It defi nes the maximum boundary 
for fuel calculations, emergency landing window limits, and 
cross-hemisphere paths. By understanding the behavior of an 
object moving along this half-world loop, aviation software 
can safely route a plane from New York to Singapore without 
losing track of its true position on a spinning globe.

2. Setting the Grid for Digital Mapping and GPS

We take for granted that our smartphones can pinpoint our 
exact location within a few feet. However, translating a curved, 
bumpy planet into a smooth digital grid is an engineering 
nightmare. If you try to fl atten an orange peel, it rips and 
stretches. The same thing happens to maps.

To solve this, cartographers use this exact quarter-sphere 
wedge as a localized "safety zone" for digital mapping. Because 
this shape is perfectly symmetrical and bound by the equator 
and the poles, it serves as the ultimate laboratory for map 
creation.

Inside this specifi c zone, distortion is at its absolute lowest. 
Software developers use it to anchor the grid lines for global 
mapping databases. When a navigation app calculates your 
commute, it breaks the world down into manageable sectors 
modeled after this exact shape. It provides a standard boundary 
where the rules of the grid remain stable, ensuring that your 
digital map matches the physical street you are standing on.

3. Designing Satellite Constellations for Continuous Global 
Coverage:

The modern world relies heavily on a invisible web of 
satellites orbiting high above our heads. These satellites 
provide us with weather forecasts, television broadcasts, and 
secure military communications. But ensuring that a satellite 
covers the right parts of the Earth at the right time requires 
precise geometric planning.

A satellite trapped in a polar orbit behaves exactly like the 
long edge of our wedge. It travels from the top of the world to 
the bottom, while the Earth spins beneath it.

By using the quarter-sphere wedge as a structural template, 
space agencies can fi gure out exactly how many satellites are 
needed to achieve total global coverage. If one satellite sweeps 
down the left edge of the wedge and another sweeps down the 
right edge, engineers can calculate the exact footprint covered 
on the equator below. This simple, elegant boundary allows 
companies like SpaceX or NASA to position their satellite fl eets 
effi ciently, ensuring that there are no blind spots in global 
communication coverage.

4. Unifying Time and Space

Time zones are a human invention, but they are deeply 
tied to the shape of our planet. The Earth rotates a full circle 
every twenty-four hours. If you slice the world into four equal 
quarters using our specifi c wedge shape, each wedge represents 
exactly six hours of the planet's daily rotation.

This brings structural order to international commerce 
and communication. The boundaries of this shape mimic the 
natural divide between day and night, seasons, and global 
hemispheres. By utilizing a shape that naturally aligns with the 
poles and the equator, global organizations can synchronize 
everything from international banking transactions to the 
scheduling of global stock markets. It transforms the chaotic, 
continuous spinning of the Earth into predictable, ordered 
blocks of time.

5. Stress-Testing the Future of Autonomous Technology

As we move into an era dominated by self-driving cars, 
automated delivery drones, and AI-driven logistics, our 
software needs to be completely fl awless. A glitch in a drone's 
navigation system could cause it to crash if it encounters a 
coordinate system it does not understand.

The extreme nature of the pole-to-pole wedge makes it 
the ultimate stress test for autonomous software. In standard 
engineering, shapes have predictable corners and fl at surfaces. 
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But at the poles of our wedge, the lines meet in an unusual, 
overlapping boundary where traditional directional concepts 
like "East" and "West" completely disappear.

Software developers deliberately run their navigation 
algorithms through this virtual shape to see if the system 
crashes. If an autonomous navigation system can successfully 
calculate a path through the extreme, overlapping points of 
this planetary wedge without getting confused, it is proven 
safe enough to navigate a self-driving car through the complex 
streets of a major metropolis.

IV. Conclusion: The Power of Extreme Boundaries

Innovation rarely happens in the middle of a comfort zone; 
it happens at the boundaries. A shape that spans half the 
world and locks onto the equator might seem like a theoretical 
curiosity, but it is a vital tool that forces us to reconcile our fl at 
technology with our round reality.

It is the master key that unlocks global air travel, secures 
our satellite networks, stabilizes our digital maps, and tests 
the next generation of autonomous technology. By studying 
the absolute limits of geography, we gain the precision needed 
to manage a connected, modern world

How an Extreme Geometric Boundary Drives Space, Sky, 
and History

Every time you stream data via satellite, board a long-
haul fl ight, or navigate using your Smartphone, you rely on a 
hidden blueprint built into the shape of the Earth. We live on 
a sphere, yet our everyday lives are organized by fl at screens, 
straight lines, and local time zones. To bridge the gap between 
our round planet and our fl at technology, innovators across 
centuries have relied on extreme geometric boundaries.

Imagine a shape drawn on a globe. You start at the North 
Pole, walk straight down to the equator, and then walk right 
back up the exact opposite side of the world, through the 
South Pole, returning to your starting point. You have traced 
a continuous loop that wraps halfway around the planet. Now, 
imagine a single point sitting on the equator, exactly midway 
between your paths. Connecting that point to both poles divides 
an entire hemisphere cleanly in half.

This confi guration represents the absolute limit of what 
a triangular shape can be on a curved surface—a perfect, 
symmetrical wedge that spans from pole to pole and covers 
one-quarter of the entire globe. Far from an abstract exercise, 
this extreme boundary is the invisible foundation for global 
navigation, multi-billion-dollar satellite networks, and the 
epic history of human exploration.

1. The Historical Quest: How Early Navigators Risked It All

Long before satellites and digital grids, human survival 
depended on mastering this exact polar wedge. Early explorers 
did not have the luxury of automated systems; they had to map 
this massive geometry using nothing but the stars, mechanical 
clocks, and pure courage.

In the 18th century, fi nding your position East or West—
your longitude—was the greatest scientifi c challenge on Earth. 
Navigators could easily fi gure out their distance from the 
equator by looking at the sun, but tracking distance along the 
equator required precise timekeeping. When pioneers like John 
Harrison invented maritime clocks that could survive rough 
seas, explorers fi nally gained the tool needed to measure the 
boundaries of our planetary wedge.

Legendary navigators like Captain James Cook sailed into 
uncharted waters to map these precise lines. They braved 
freezing Antarctic waters and treacherous tropical reefs to 
fi nd the exact intersections where the equator met the prime 
meridians. Every time an early explorer crossed the equator 
or reached a polar limit, they were physically tracing the lines 
of this wedge. They risked their lives to map this boundary 
because they knew that without a standardized, quarter-world 
template, true global commerce and safe travel would remain 
impossible.

2. The Aviation Frontier: Optimizing Sky Lanes and Airline 
Profi ts

For modern aviation executives, this half-world wedge is no 
longer a matter of survival, but one of extreme effi ciency and 
profi tability. In the highly competitive airline industry, saving 
even a fraction of a percent on fuel can mean the difference 
between millions in profi t or devastating losses.

A straight line spanning from the North Pole to the South 
Pole represents a half-circle—the longest possible straight 
path you can travel on a sphere. When international airlines 
plan long-haul routes, such as fl ights from New York to Hong 
Kong or Dubai to San Francisco, they use this ultimate polar 
wedge to design their fl ight paths.

Aviation software uses this geometry to calculate "Great 
Circle" routes, which look curved on a fl at map but are actually 
perfectly straight lines on our round Earth. By understanding 
how the edges of this wedge interact with high-altitude wind 
currents, airline dispatchers can route planes directly over the 
Arctic circle. This cuts hours off fl ight times, saves thousands 
of gallons of jet fuel per fl ight, and minimizes wear and tear on 
aircraft. Furthermore, this wedge defi nes the safety boundaries 
for emergency landing windows, ensuring that planes are 
never too far from an available runway, even when fl ying over 
the isolated polar ice caps.

3. The Space Economy: Maximizing Satellite Internet 
Profi tability

In the modern space race, tech giants and telecom investors 
are using this exact geographic template to build multi-billion-
dollar satellite constellations. Companies like SpaceX, with its 
Starlink network, are deploying thousands of satellites into 
low Earth orbit to provide high-speed internet to every corner 
of the planet. To make these massive fi nancial investments 
profi table, engineers must eliminate wasted coverage.

A satellite trapped in a polar orbit behaves exactly like the 
long edge of our planetary wedge. It travels from the top of 
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the world to the bottom, while the Earth continuously spins 
beneath it.

By using the quarter-sphere wedge as a structural 
template, space architects can calculate the exact minimum 
number of satellites needed to achieve total, uninterrupted 
global coverage. If one satellite sweeps down the left edge of 
the wedge and another sweeps down the right edge, executives 
can determine the exact footprint covered on the crowded 
equator below. This allows companies to optimize their launch 
schedules and position their satellite fl eets with maximum 
effi ciency. By ensuring that no satellite is wasting its signal 
over empty oceans when it could be serving customers on land, 
this simple boundary directly drives the profi tability of global 
space networks.

4. Stress-Testing the Future of Autonomous Technology

As we move into an era dominated by self-driving cars, 
automated delivery drones, and AI-driven logistics, our 
software needs to be completely fl awless. A minor glitch 
in a drone's navigation system could cause an accident if it 
encounters a coordinate system it does not understand.

The extreme nature of the pole-to-pole wedge makes it 
the ultimate stress test for autonomous software. In standard 
engineering, shapes have predictable corners and fl at surfaces. 
But at the poles of our wedge, the lines meet in an unusual, 
overlapping boundary where traditional directional concepts 
like "East" and "West" completely disappear.

Software developers deliberately run their navigation 
algorithms through this virtual shape to see if the system 
crashes. If an autonomous navigation system can successfully 
calculate a path through the extreme, overlapping points of 
this planetary wedge without getting confused, it is proven 
safe enough to navigate a self-driving car through the complex 
streets of a major metropolis.

The power of extreme boundaries

Innovation rarely happens in the middle of a comfort zone; 
it happens at the boundaries. A shape that spans half the 

world and locks onto the equator might seem like a theoretical 
curiosity, but it is a vital tool that forces us to reconcile our fl at 
technology with our round reality.

From the wooden ships of early explorers to the commercial 
fl ight decks of today and the satellite constellations of 
tomorrow, this geographic wedge is the master key to human 
mobility. By understanding the absolute limits of our planet's 
geometry, we gain the precision required to manage, connect, 
and profi t from a modern, globalized world.
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