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Abstract

In this paper, we develop new Hermite-Hadamard-Mercer type inequalities on coordinates via post-quantum calculus, also known as (p, g) - calculus. By introducing
novel (p,, p,, q,, q,)-differentiable and (p,, p,, g,, q,)-integrable functions, we generalize classical results and extend previous inequalities under the setting of coordinate
convexity. Several new identities are derived, which naturally reduce to known results when specific parameters are chosen. Numerical examples and visualizations are
also provided to illustrate the utility of our results.

1. Introduction

Mathematical inequalities are fundamental in both pure and applied mathematics, offering essential tools in areas ranging from
analysis to physics. Among these, the Hermite-Hadamard inequality for convex functions plays a pivotal role, which is defined as
follows:

f[aT-'_bj < ﬁ‘!‘f(x)dx SM.

The Hermite-Hadamard inequality and a variety of refinements of Hermite-Hadamard inequality have been extensively studied
by many researchers, including those involving Jensen and Mercer-type refinements.

Jensen inequality has been caught attention of many researshers, and many articles related to different versions of this inequality
have been found in the literature. Jensen’s inequality can be given as follows:

Let O<x, <x,<..<x, and 4= (5151 18,) be non-negative weights such that zz_l 4, =1 if f is convex function on the interval

[a, b], then

f[iukxk] < Zn:”kf(xk)’

where every x, €[a,b] and all 4 € [0,1].

A new variant of Jensen inequality thast has been established by Mercer can be presented as follows:
121

Citation: Lo JC. Some Hermite - Hadamard - mercer Inequalities on the Coordinates on Post Quantum. Ann Math Phys. 2025;8(4):121-148.
Available from: https://dx.doi.org/10.17352/amp.000158



g’ PeertechzPublications https://www.mathematicsgroup.us/journals/annals-of-mathematics-and-physics 8

In 2003, Mercer [1] proved another version of Jensen inequality, which is called Jensen-Mercer inequality and stated as follows.
Theorem 1.1

For a convex mapping f :[a,b] - R, for following inequality holds for each x, €[a,b]:
f(a +b—2ujijS f(a)+f(b)—2ujf(xj),
j=1 J=1

where u, €[0,1] and Z;Zlu/ =11.

In 2013, Kian, et al. [2] used this new Jensen inequality and established the following new versions of Hermite-Hadamard
inequality:

Theorem 1.2

For a convex mapping /f :[a,b] - R, for following inequality holds for each x,y €[a,b] and x < y:

f[a+b_HTyjsf(a)+f(b)_yixjf(u)duSf(a)+f(b)_f(x+Tyj

and
1 a+b-x
f(a b —“Tyj sEaLf(u)du
< fla+b—x)+ f(a+b-y)
- 2

sf(a)+f(b)—f[x+yj.

2

The ordinary calculus of Newton and Leibniz is well known to be investigated extensively and intensively to produce a large
number of related formulas and properties as well as applications in a variety of fields ranging from natural sciences to social
sciences.

Recent studies have explored these inequalities using quantum and post-quantum calculus, which extend traditional calculus by
means of q and (p,q)-analogues.

Quantum calculus, which is often known as gq-calculus or calculus without limits, is based on finite difference. In quantum
calculus we obtain g-analogues of mathematical objects which can be recaptured by taking. The history of q-calculus can be track to
Euler, who first introduced g-calculus in the track of Newton’s work on infinite series.

Then, in 1910, F. H. Jackson presented a systematic study of q-calculus and defined the q-defined integral, which is known as
the g-Jackson integral. In recent years, the interest in q-calculus been arising due to high demand of mathematics in this field. The
q-calculus numerous applications in various fields of mathematics and other areas such as combinatory, dynamical systems, fractals,
number theory, orthogonal polynomials, special functions, mechanics and also for scientific problems in some applied areas.

In 2013, Tariboon and Ntouyas defined new g-derivatives and g-integrals of a continuous function on a finite interval. These
definitions have been studied in various inequalities, for example, Hermiter-Hadamard inequalities, Ostrowski inequalities, Fejér
inequalities, Simpson inequalities and Newton inequalities, and the references cited therein [3-12].

Along with the development of the theory and application of q-calculus, the theory of q-calculus based on two parameters (p-q)-
integral has also presented and received more attention during the last few decades.

Recent, Alj, et al. [3] and Sitthiwirattham, et al. [13] ued new techniques to prove the following two different and new versions of
Hermite-Hadamard type inequalitites:

Theorem 1.3

For a convex mapping / :[@.0] = R, for following inequality holds:

a+b

f(a+b]< 1 ,Z[f(x)%hdq)ﬁ— if(x)%dqx SM’

2 ) b-a 2

a+b
2

Citation: Lo JC. Some Hermite — Hadamard - mercer Inequalities on the Coordinates on Post Quantum. Ann Math Phys. 2025;8(4):121-148.
Available from: https://dx.doi.org/10.17352/amp.000158



E’ PeertechzPublications https://www.mathematicsgroup.us/journals/annals-of-mathematics-and-physics 8

a+b

X b 1 z bW b
f[%]sm {f(x)adqx+“[bf(x) dx s%.
Remark

By setting the limit as g 1~ in above Theorem, we recapture the traditional Hermite-Hadamard inequality.

Post-quantum calculus, also called (p,q)-calculus, is another generalization of g-calculus on the interval . The (p,q)-calculus
consists of two-parameter quantum calculus (p and g-numbers) which are independent. The (p,q)- calculus was first introduced by
Chakrabarti and Jagannathan in 1991. Then, the new (p,q)-deravative and (p,q)-integral of a continuous function on finite interval
were by Tunc and Gov in 2016. In (p,q)-calculus, we obtain q-calculus formula for case p=1, and then get classical formula for case of
. Base on (p,q)-calculus, many literatures have been published by many researchers, see [14-25] for more details and the references
cited therein.

In this paper, we continue in this direction by developing Hermite-Hadamard-Mercer type inequalities in the framework of post-
quantum calculus on coordinates. Our main contributions include novel identities for functions of two variables involving mixed
partial (p,; p,; q,; q,) - derivatives and integrals.

2. Notation and preliminaries
The following is the brief introduction of the research of post-quantum calculus. Throughout this topic, we let p;; p,; q,; q, be
constants with 0<¢, <p, <1 and 0<gq, < p, <1 with [a,b]=R.

Then, for any real number, the (p,, q,) - analogue and (p,, q,) - analogue of m,n is defined by

m=2 m-1

P e e
[m], , =F—"=p{"" + p g+t P 4]

b —q
and
[n] =22 s s g, bt pagh gl
P29 pz_qz

which is generalization of the q1- analogue such that

m
m—1

l-¢g m—
[m]ql =1—1=1+ql+...+ql *+q

-4,
and
1_ n
[ =—L=14g+.+q 2 +q"
= 1-gq,

Definition 2.1 [26]

If f:[a,b]—>R is a continuous function, then (p, q) - derivative of the function on [a, b] by

x#0

D

with 0<g<p<l.
Definition 2.2 [27]
If f:[a,b]—> R is a continuous function, then (p, q), - derivative of the function at x is defined by

_f(px+(1—p)a)—f(qx+(l—q)a)
S [

X#a

with O0<g< p<1.
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For x = a, we state D,/ (a)= lim .D,,f(x) if it exists and it is finite.
Definiiton 2.3 [16]
If f:[a,b] >R is a continuous function, then (p, q)* - derivative of the function at x is defined by

f(qx+(l —q)b)—f(px+(1 —p)b)

(r-a)(b—) L

with O0<g<p<1.
For x = b, we state "D, f(a)= lim ’D,.f(x) if it exists and it is finite.

Definition 2.4 [26]

If f:[a,b]—>R isa continuous function and 0<a <b, then the (p, q) - integral is defined by

jf(x)dp'qx=(p—61)(b—“)2fof[pq:+1 b+[1_ ];]k:JaJ

with 0<g<p<l1.
Definition 2.5 [27]

If f:[a,b]—>R is a continuous function and 0<a <b, then the (p, q), - integral is defined by

x

Jf<x>adp,qx=<p—q)<x—a>z:Of[ oe1- ;jj

k+1
a p

with 0<g< p<l1.
Definition 2.6 [16]

If f:[a,b] >R is a continuous function and 0<a <b, then the (p, q)® - integral is defined by

FEROICE) ¥ S (B

p

with 0<g< p<1.
In [14], Ali et al. established the Hermite-Hadamard type inequlities on post quantum calculus.
Theorem 2.7

If f:[a,b] >R is a convex differentiable function on [a,b], then the (p, q)* - Hermite-Hadamard inequalities are as follows:

pa+qb < 1 t bd S‘lf(“)’Lpf(b).
f[ p+qj (b a),,“({,,)bf(x) pat p+q

In [27], Tunc and Gov extend the Holdér inequalies ion post-quantum calculus.

Theorem 2.8

1 1
If f:[a,b]—>R isa continuous function and r, s > 0 with —+—=1, then
r S

1
s s
a dp,qx :

In [28], H. Kalsoom, et al. introduced the following notions of post-quantum partial derivatives:

e 10 ][] et
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Definition 2.9

Suppose that f:[a,b]x[c,d] >R is a continuous function of two variables. Then the derivatives are given by

”vfaplvpz:ququ(x’y) 1 X
aap,,q,x Capz,qu ( ql)( )(X—a)(y—c)
[f(q1x+( ql a q2y+(1 q, )c)
f(q1x+(1 ql a p2y+(1—p2)C)
~f(px+(1-p)a.g,y+(1-g,)c)
+f(pIX+(1 pl a, pzy+(l pz)c):|
for x#a,y#c.
CPlP'Il‘sz(xy) 1
0% D00y (P=a)(p=a:)(b-x)(y—c)
|:f(q1x+(17q1)b,p2y+(17p2)c)
—f(px+(1=p )b poy+ (1= p,)c)
~f(gx+(1-¢,)b.0,y+(1-4,)c)
+f (px+(1=p)agy +(1-g,)c) ],
for x=b,y#c.
Zal’upz-ququ(x’y) 1 x

PnaX'0, 0y (n=a)(p—a,)(x—a)(d~)
[/ (px+(1=p)a.gy+(1-g,)d
%)

)
d)

~f(gx+(1-¢)a.q,y+(1
f(pIX+(1 b ap2y+(1—p2)d)
+f (g +(1-g,)a py+(1-p,)d) ],

for x#a,y#d,

and

"0t () _ I
00X 000y (Pi=a)(p2 =) (b-x)(d - )
[f(q] +(1-q, bq2y+(1—q2)d)
~f(px+(1=p)b.gry+(1-¢,)d)
~f(gx+(1-4,)b,py+(1-p,)d)
+f (px+(1=p)b.poy+(1-p,)d) ],

for x=b, y=#d.

Definition 2.10 [28]

Suppose that f:[a,b]x[c,d] >R is a continuous function of two variables. Then the definite (py P, 4, q,) - integral are given by

j;j;f(t’s)c dl’z»‘lz S“dm vqlt

= (pl _%)(pz _qz)(x_a)(y _C)

Citation: Lo JC. Some Hermite — Hadamard - mercer Inequalities on the Coordinates on Post Quantum. Ann Math Phys. 2025;8(4):121-148.
Available from: https://dx.doi.org/10.17352/amp.000158



P PeertechzPublications

Zn (]Zm 0 nl+1 r:+l qnl+1 [1_ qnl+1ja’ qr:+1y+[1_ qyjﬂ]C 4
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Suppose that /:[a,b]x[c,d] >R is a continuous function of two variables. Then the definite (p,, p,, q,, q,) - integral are given by
by

_”f(t,s)c szﬂszdpw ,q\t

xc

= (pl 7q1)(p2 7q2)(b7x)(y 7C)

a9 g4 q 9 95
n+ m+ n+ 1- n+ b y+[l_ e ]C 5
Do Lo vyt [p,‘ [ pl‘] i Py

2

for (x,y)e[a.b]x[c.d].

Suppose that f [a b] [c,d ] — R is a continuous function of two variables. Then the definite (p,, p,, q,, q,) - integral are given by
xd

.”f(t,s)c dpz,qzsadphmt
=(p-a)(p,-a)(x-a)(d-y)

@ 9 @ @ 7 9
Zn oz nl+1 nil /11+1 (1 - nl+l Ja’ m2+1 y + [1 - rj+l jd ?
2 b 2 P, P

2

for (x,y)e[a,b]x[c.d]

and

Suppose that ./ [a b] [C,d ] — R is a continuous function of two variables. Then the definite (p, P, 4,y q,) -integral are given by
bd

_[Jf(t’s)c dp:,qgsudpl,qlt

xy

:(Pl _ql)(pz —qz)(b—x)(d—y)

4 9 4 4 9 9
+ m+ n+ 1- n+ b’ m+ y 1- m+ d 4
Zn OZm 0 n 1 pz l [p] l ( pl l] pz 1 [ p ]j ]

2

for [a b] [c d]

Lemma 2.11 [25] (p,, p,, q,, q,) - Holder’s inequality for functions of two variables

1 1
Let f, g be (p,, p,, q,, q,) - integrable functions on [a,b]>< [C’d] and ;+; =1 with r, s > 1. Then, we have

H|f (1)
1

<[ J|f (t.s) d, qsadp,q,er
) !
x@ﬂg(t,s)scdpz‘qzsadphqlt]S

for all (x,y)e[a.b]x[c.d].

c Pz 492 S“dpl 541 4

‘—.
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Lemma 2.12 [25] (p,, p,, q,, q,) - power mean inequality for functions of two variables

Let f, g be (p, p,, q,, q,) - integrable functions on [a,b]x[c,d] and a 2 1. Then, we have

jj.|f t S /’7 qzsadl’lv%t

1——
a

<[IJ|f s dy 05, q.tJ
{i

for all (x,y)e[a.b]x[c.d].

1
a

0 C—y

|g (t,s)|"’C g’plyq2 Sadp| @ l]

3. Main results

Lemma 3.1
Let f:[a,b]x[c,d] >R be a twice partially (p,, p,, q,, q,) - differentiable function on (a,b)x(c,d). If

0 f(xy) @ f(x y) 20 f(xy) "0 f(xy)
a.c ™ p1>Pr>91-92 CP1sP2>91-92 ¢ a P59 Pr1sP2 4192 . .
2 x 0 Ty 8 5 20 a1 o are continuousand (p,, p,, q,, q,) -integrable on [a,b]x[c,d].

a” prsq €7 P2s ‘Iz P €7 Pas 512 a pisg P> ‘h Pr-q P2s 'Iz

Then we have
1

P1P29.9, (n - m)Z (l - k)z

a+b=[(1=p; )n+ pym ] c+d=[(1=py )i+ pyk]

x J J. f(t’s)dpz,qg‘gdlwt
a+b-n c+d-1
arb-m  c+d={(1=p2)l+ pak]
+ _[ _[ f(t S)dp 'ledPh%t
a+b—{(1=p)m+pyn] c+d-1
a+bf|:(lfp|)n+p|m:' c+d—k
+ J. .[ f(t’s)d[’zv‘hSdPh‘Ilt
a+b-n c+d=[(1-p; )k+p1 ]
a+b-—m ct+d—k

f(t’s)dl’z:‘h SdPl a‘ht

a+b7[(lfpl)m+p\ ] c+d—| [ -p2) k+pzl]

1 c+d=[(1=p, )1+ p:k ]|
_p—z(n—m)(l—k)z HJ;,, f(a+b—m,s)dpz‘qzs

c+d—[(1—l’z)l+p2k]
+ J f(a +b— n,s)d s

P29
c+d-1

ct+d—k
+ J f(a+b—m,s)d s

P29
c+d=[(1-py )k+psl]

c+d—k
f(a+b—n,s)d N

P24
c+d=[(1=p, )k+pyl |

1 a+b—[(1—pl)n+plm]
- t,e+d—-k)d, sd .t
pl (}'l _ m)z (l _ k) LH'}';" f( ¢ ) P22 Pisq

127
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a+b-m
+ f(terd—k)d, ,

a+b={(1-p;)m+pn]

sd, t

P9

a+b—{(1-p, )n+pym]

f(te+d=1)d,  sd, 1

+ P>

P2:92
a+b—n

a+b-m
f(t,e+d-1)d

a+b—“1—m)m+pl]

sd, t

P22 P>

+ a+b—m,c+d—k)+(a+b—n,c+d—k)

1
T
+(a+b—m,c+d—l)+(a+b—n,c+d—l)]
I;j Jm pz,ql.qu(t’s)

where

b,d
‘;’CJM »P2q -qu(t’s)

Hts axb “+dtl BuoParty f(a+b [thrl tn]c+d [sk+(1— l])
00

6 WS

a+b— napl q° c+d-l

a+b- ma

_l[j.ts‘”b ;““ L f(a+b [ —tm+tn] c+d- [sk+ (1- sl])
00 apl g ctd- lap a5
11 c+d—k
a+tb—n" p.py.q1.49>
Mts o ’ifdf;g “sf(a+b—[tm+(1—t)n:|,c+d—|:(1—s)k+sl:|)d

a+b—m,c+d—k
Pr1>P2 -4

(o= ka = f(ll+b [1 tm+tn:| c+d— |:1 sk+vl:|)

a+b—ma
Prs 1]1 ’L

11
”ts
00

for m,ne[a,b],k,l €[c,d] and m<n,k <.
Proof:

By the definition 2.9, we have

a+b7n,c+dflali| sP2s4 -9

fla+b=[m+(1=t)n],c+d [ sk+(1-5)I])

n+b—nap,,q|t c+d—l6p2,qzs
(P =a)(P. = q,)1(n=m)s(I~k)
[f(a+b [(1 qt)n+qim,c+d - [1—(]2 l+q2sk] )
—f(a +bh- [(1 gt)n+gitmc+d—[(1-p,s Z+p2skﬂ)
—f(a+b [(1 pit)n+ pim,c+d - [ l+q2skﬂ)
+f(a+b [(1 pt)n+ pitm,c+d —[(1-p,s l+p2skﬂ)}.
Moreover,

wstoncri-tOp a0, f(a+b [tm+1 tn]c+d [sk+(l—s l])

a+b-n p, qlt c+d—=1""p,, qzs

11

[[es

00
1

; 1
B e e
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P| Ul

usd

P9

d

P2:92 S P4 u

t

17| Uil

sd, t

P2-q2 P
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[f(a +b—[(l —qlt)n +qltm],c+d —[(1 —qzs)l+q2sk])
—f(a +b—|:(l—q1t)n +q]tm:|,c +d —I:(l—pzs)l + pzsk])
—f(a+b—[ plt)n+pltm] c+d- [ —q, l+q2sk])

f(a+b [ -pt n+pltm] c+d- [ - D, )l+p2sk]ﬂ 0.5

t
Pr>d

. 11

) -m) Il
[f(a+b [1 git)n+qtm]).c+d [ (1= g,5)1 + g,k )
(a+b-[(1-gt)n+qm],c+d=[(1- p,s)l+ p,sk])

—f(a ~[(1=pit)n+ pim],c+d =[(1-gq,5)1 + g,k )
(a+b-[(

1— plt)n+pllm],c+d —[(1—pzs)l+p2sk1ﬂdp2’qzsdp_qlt

1
- [,-1,-1,+1,]

(pi=a)(p.—a,)(n—m)(I-k)

By definition 2.10, we have

11
I, :'”f(a+b—[(1 —qlt)n+qltm,]c+d—[(l —qzs)l+q2sk])dpz,qzsdphq‘t
00
n+ n+l m+l1 m+l
_zz n+l m+l Ll+b— [1_ qln+lJn+ ql ,C+d— (1_ qzm+l]1+ q2m+1 k
n=0m=0 P\~ P> D pl P> P,
p]pzz qnl+] qrr2;+]f a+b- [l_ qn+l pl]n+ ql+l pim ,C+d— [l_ qnil pzjl+ qrrz;H pzk
949> n=om=0 P\ P D p] P )23
p2 Z n+1f a+b- I:[ qnl+1p1jn+ ql+1p1 :|C+d—k
919> n=0 P P P

_ P z — (a-kb—m,c+d—|:[l—pqnfﬂpzjl-klzj+1 pzk}]

qlqz m= 0p2

! (a+b—m,c+d—k).
9,4,

+
11
:IIf(a +b—[(1—q1t)n+qltm:|,c+d —[(l—pzs)lJrpzsk:l)dpz’qzsdphqlt
00
w o n m n+l m m
=z qnl+1 qriﬂf a+b- (l_qlnﬂjn"'qlﬂ e+d— [1_q_2m]l+q_zmk
n=om=0 P1 P> P b D P
plz qnl+l qrrzr+l f a+b_ (1_ qnl+] pljn+ qnl+l pm ,C+d— [1_ qm2+l p2]l+ qnil pzk
4, n=om=0 P\ P )2 D P 12

7_2 m+1f a+tb-—mc+d- |:[ q,:+1p2jl+ qr:npzk:|
qlmO 2 pZ pz

1-”f(a+b [lfp1 n+p1tm] c+d-— [l—q2 l+q2sk]) S ¢

P] Ui
00
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Conclusion

In this paper, we have established several new Hermite-Hadamard-Mercer type inequalities on coordinates using post-quantum
(p, 9)-calculus. These results generalize existing inequalities and provide a unified framework encompassing both classical and
quantum cases. Our work extends the literature by presenting double-integral identities under (p,, p,, q,, q,) - partial differentiability
and integrability assumptions.Further research may explore: Higher-dimensional generalizations, Inequalities for other convexity
types (e.g., s-convex, log-convex) and the applications in optimization or quantum information theory.
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