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In this research paper, we introduce a novel mathematical operator known as the alpha-difference operator (a-DO) and its corresponding integral. We establish
the foundational theorems related to this operator and demonstrate its applications in both linear and nonlinear dynamical equations. A key focus of our study is the
application of a-DO in the context of the prey-predator model with harvesting. In the linear scenario, we derive exact solutions for the model. For the nonlinear case,
we develop an iterative scheme to obtain approximate solutions. We also prove a theorem that guarantees the convergence of this scheme. We conduct a thorough
investigation of the dynamical behavior of the system as the parameter varies. This is visualized through graphical representations. Our findings reveal that the system
exhibits local memory, which significantly influences the evolution of the system. We observe that the a-DO is particularly effective in describing dynamical systems
that undergo a change in behavior at a specific characteristic time. This is especially relevant to the system under consideration. A prime example of such a system is
the Exposed-Infected-Recovery System (EIRS). Lastly, we construct the Hamiltonian function using a quadratic invariant. This provides further insights into the energy
conservation and stability properties of the system. Our research opens up new insight for the application of the a-DO in various fields of science and engineering.

1. Introduction

Different prototypes of calculus, besides the classical
ones, are well established. Among them, are g-calculus,
fractional, proportional derivative, and variational calculus.
By proportional derivatives, we mean; conformable, Beta,
fractal derivatives, and M-truncated derivatives [1-3]. We
mention, also, q -, fractional [4] and q - variational calculus
[5]. These calculuss were employed in many trends of research
in applied mathematics and in the applied sciences. They were
the objective of numerous researchers as far as they are the
topics of a variety of scientific journals. Many non-classical
calculuss are well established in the literature. Basic and
advanced analysis and also applications were approached.
The q - difference (q-D) operator was introduced in [6]. In
this issue, the existence of a fundamental set of n-linearly
independent solutions to linear q-difference equation of order
n was proved in [7]. Meromorphic solutions of 9 -difference

equations (q-DE) were studied in [8,9], due to the apparent
role of the existence of such solutions of finite order for the
integrability of discrete difference equations. The q-DE has
applications in quantum calculus (5) and in thermodynamics
for entropy [10]. Also q -dynamic equation was introduced
in [11-14] with applications in biology. In [9], the well-
known logistic equation was studied in the quantum calculus
analogue. Different forms of Fractional Derivatives (FD) have
been proposed in the literature. Riemann-Liouville (RL),
Caputo [15], and Caputo-Fabrizio [15-17].

A definition of the general fractional time derivative (FTD)
will be defined later on, where the kernel may be chosen
singular or regular. Indeed, when studying the dynamic
evolution of a system with FTD, means that we are concerned
with determining the effect of the distributed delay (or recent
memory) on the system behavior. This may be argued to that
a delay “t-t,” that exists in the kernel. Fractional systems are
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used to model phenomena that exhibit anomalous or complex
behaviors. This holds in systems with long memory or with
hereditary effects. Fractional nonlinear PDEs were used in many
areas of science, physics, biology, chemistry, and engineering
sciences (Electronics and telecommunications) [18-21]. In
physics, analysis, and modeling of diffusion phenomenon were
currently considered. In biology and biophysics, the electrical
conductance of biological systems, fractional modeling of
neurons, muscle modeling, and lung modeling were studied.
Fractional nonlinear dynamical systems NLDS have been
studied by many researchers [22-35]. Very recently, a relevant
work unified, approximately, the different forms, by reducing
them to proportional derivatives [36]. The dynamics of prey-
predator harvesting are currently studied in the literature. A
prey-predator-type fishery model with Beddington—DeAngelis
functional response and selective harvesting of predator species
was considered in [37]. A prey-predator model incorporating
prey-refuge and independent harvesting in either species
was proposed with controlling harvesting to break the cyclic
behavior of the system [38].

Bioeconomic harvesting of a prey-predator fishery in which
both the species are infected by some toxicants was considered
[39]. In [40], a fractional-order prey-predator model was
introduced and the dynamical behavior of the system was
investigated via local stability. The study of one prey and
one predator harvesting model with imprecise biological
parameters was presented [41]. Further relevant works were
carried out [42-47].

Here, a new FDO is introduced that reveals the memory
compression effect, which is relevant in dynamical systems and
in computer sciences. Thus, we are led to clarify the different
memory descriptions. To this issue, they can classified as (i)
memory transport (time delay), (ii) memory compression, and
(iii) recent or ancient- memory. Cases (ii) and (iii) are relevant
in systems with time-fractional derivatives.

This paper is organized as follows.

In Sec. 2 basic definitions and memory index are presented.
Sec. 3 is concerned with introducing the NDO. The ND integral
operator is proposed in Sec. 4. Applications are considered in
Sec. 5 and the quadratic invariant is presented in Sec. 6.. Sec. 7
is devoted to conclusions.

2. Basic definitions and memory index
2.1 Basic definitions

Definition 1: The g-difference is defined by [6]

fan-f@)
t(q_l) q>1’
Dy )= {LOZIUD. g <y, ®
, g=1.
f,

Definition 2 (new): The definition of the FTD in the Caputo-
version, with a general (kernel regular or singular), is,
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SDO’ = A(a)[h "(t)dt 0<a <1
0 (0= A)joK (1 —1.0) [ (1)dty,0< <1, (2)

Where 71L& (®*), Ol ®RY) = uueC (R),
\ j(’)K(t—tl,a)u'(tl)dtl l<K). A(e). can mnot be defined in

general. It may be considered as a normalization factor to fit
with a particular Def. of a fractional derivative.

To distinguish between these different memories that arise
in dynamical systems, we define the memory index function
relative to a dynamical quantity u(f(t)), t is the time variable.

A memory index function is defined as follows [11].

M, (£ () = Arg(f (1)~ = (D)=t (3)

We mention that when f(t)=t then M, (u(f(t))) = 0 and when
f(t)=t+1 then M, (u(f(t))) = 1.

Definition 3: A system is said to be with memory if
M, (u(f(t))) < o.
Examples

(i) When f(O=t-7, M, (u(f())=-7<0 and then the
system is with local memory.

(i) When f(t)=[j(t—7) h(r)dr, the system is with
distributed memory (recent memory),

(ili) When fr()={" (1) h(r)dr,the system is with
ancient memory.

Now, we consider (5) and assume that feCl(R+), it is

interesting to determine memory effects associated with the

operator Dgf (¢) . Indeed by using the mean value theorem, we
have

D[au(t)=w=u,(9), @ <<t (4)

From (4), we find that, Arg(Dfu(t))= Arg(u (9))= 0. Thus,

M, =0t Thus ¢ —t<M, ,<00<a<l which stands for

non-deterministic memory compression.
3. The new o-difference operator

In an analog to the g-difference operator (1), we present
the definition of ND,

New definition 4

%, O<a<l,0<t<lora>1,t>1
DO = % 0<a<lt>lora>1,0<r<1
7, a=1,feC'®Y)
7, t=1 (5)
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We mention that (5) is an analog to (1). On the other hand, the
nomenclature fractional may be referred to, as 0<a<1.

Theorem 1

@ DRO(ra)+g)=DE° r)+ DP%%(r).
) pDO(r (1)) =2t*)DRO 1)+ f)DRet)
or p(f(g)=f*)DEet)+g0)DEC 1)

(24
(© pa L, 8ODHS O~ f(ODFe()
PNy (f)) g(Hg(t%)

@ pPOr1y*)=DRO i) ft®)+ f(1)).
(&) DY (10" =DEC FOL o Y F 0" .
Proof

LHS = (f(ta)+g(t“))—(f(t)Jrg(t))

t% —¢

@ 110, 80%) 20 _ gy
% —t t —t

(b)

LHS = f(ta)g(ta) fOg®) _ fa¥)e®)~ g(t))+f(ta)(g(t) S(0g®
*—y 1%t

- f(,a)(gat )=s0) )f(tt DO s,

+g(t

(c)
s -\ L) 10 1

g0 &) et —1)

L= rw) 2+ 26D, _ ps
O e R Tt I

(ft®)gO~ f(Dgt®) =

(d). Put g(t) = f(t) in (b)
(e) By using (d) and by induction.
The proof is completed

Now we identify the function that is invariant under the
ND.

Theorem 2

The following function is invariant under the ND.
1

£Z00= =V
_l 144" \

,>0,0<a<l,t=l1. (6)

Proof
The function which is invariant under the ND satisfies,
DP9 rwy= s (). (7)

First, let 0<t<1,0<a<1Using (19) gives,
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fa®)=FOA+% -1),0<t<1,0<a<l. (8)

By iterating (8) and letting ¢ —® in each subsequent step,

we have,

F*) = f(oA+@* -1,

1) = )1+ (@ -1y,

: (9)
-1)

Y1+ - @D

76" = @ ).

By applying the product of both sides and as n>o, as 0<a<1

' then, a">0 and we get,

1

0<t<l1,0<a<l.
(n—l) 5 5
ta

) (10)

EPOy=ri1

n=ly " -
Second, let t>1,0<a<1 and by the same way, we find,

1
a1

EDO@y = r(y T

Jg>1,0<a<l. (11)
n=lyy

— tan)
Here, we take f(1)=1. From (10) and (11), we get (6).
This completes the proof -

Now, consider the equation,

DP9 r(ty= a1 (), 2 =—ib. (12)

The solution of (12) is,

1
EDO(1,-ib)= ) "
n= 11+( ibl) o _a ‘
2

1091 | . H bm‘ta2m+l a ) |

2 2m—1 2 :
m=1 (1+b2m ‘t(lzn‘l _ta( m ) | —1(1+b2m ‘la2m+l f m) ‘2)

(13)
Eq. (13) suggests to write,
1

cosg O(t b)=

2m-1
m= 1(1+b2m|ta2m 0.’( )l )

© o ta2m+1 _ta2m)
szna (lb)— 1 | , t>0,0<a<l.

m=0 (1 +b2m |ta2m+1 _tazm) |2)
(14)
In the same way, we define,
cosh20(t,0)= L EPO 1,6y + EPO (1, -b)) - T ! ,
2 m=1(y_p2m ‘taQ’" _ta(Zm—l) 2)
a2m+l o 2m)
s, b): (EDO(t,0)-EDO(t,-b)) = 11 "—’2| 1>0,0<a<l.
m= 0(1 b2m‘[a2m+l @ m) |2)
(15)
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We remark that

ED00,6)=1,c05sD90,6)=1,c0sh29(0,) =1, 5in2 0,5) = 0
and sinh29(0,6)=0
3.1 Higher order fractional difference

We have,

DDOf(t) pPODPO r1y) = DDO(M)

a2 o
_f(t ) f(t) f(t ) f(t) Da(f(la)) D (f([))

/ a

D§0f<t>=D50<D50<D,90<f<t»» pPO(r«®)-p289 f o),

—t

n

DRO £ ()=DRO(DRO(...DRO(f ()= D{gq)a(f(ta)) ng)a(f(t).
(16)

When feCl(R+) , the ND mean value theorem states,

(z‘)wzf'(é),a“<§<a, 0<t<l,0<a<lort>l,a>1,
a” —a

(ii)wzf'(af),a<§<a“, t>1,0<a<lor0<t<l,a>1.
a—a

(17)
Example. Consider the function f(t)=t".
no _n N
RO === T i e,
(18)
ed (1= tf(a D >0a>00ra>1,>0.
j_()
In (17), we put f(t)=t", in this case, we find that,
" a(“) n—l (19)
g=En2

4.0-DO 1ntegral operator and applications

We proceed to define the ND-integral by considering the
ND equation.

We consider a basic equation,

Dg O(g(t)=K(0).,t>0,0<a<I. (20)

For the solution of (20), we have the following theorem.
Theorem 3
The solution of (20) is,

k-1

g=g()- 5 1@~ @ k@b ) s 00<a<t.
k=1

(21)

https://www.peertechzpublications.org/journals/annals-of-mathematics-and-physics 8

Proof
First, let 0<t<1,0<a<1 and rewrite (20) in the form,
gt ~g()=K@O)t* ~1). (22)
It is worth mentioning that (22) is a functional equation. By
using the same steps, as was done in (6), we have,
g —g(O=Kn* -,

(%)~ g(1%) = K@) a%* —1®),
: (23)

k-1

(@) - (@ = k@@ @t

Summing both sides of (23) and letting k >0, we get,

g(t):g(l)—k§l(t“" — @ k@ 0<i<10<a <1,
(24)

The second case is dealt with in the same way and we get,

g(t)= g(l)—kﬁl(zak“ akyg @@ s 10<ax<,
(25)

By using (24) and (25), we get (21) and the proof is
completed

4.1 a-DO integral

Indeed, the solution of (20) can be written symbolically,

1
g(1)+jtK(t1)dat], 0<t<l, (26)

g(0=15 (K ()= t
g(l)+hK(tl)datl, t>1.

By using (21) and (25), the o-DO integral definite integrals
are defined by,

Definition 5

I}K(fl)datf él(t“k @ o<i<i0<a<,
Kty = kozil(zak_l ~0@ k@@ s 10<a <.
27)
We can rewrite (27) by,
j(t)K(tl)datlz g \tak—t“k_l \K(t“k_l),t>0,0<a<1.
k=1 (28)
Further, we have,
by, =P r e, — (01 (), b
Jaf Wdig =R fO)dty =1 f(Odig,b>a>1,
b _ 1
laf@dty = [pf Odty — [ fO)dty,a<b<1. (29)
057
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Further identities for definite integrals hold.

s NS k-1

0PN = £ 0 - e hog e

k1

= £ e e e,

k-1

0RO s = E a1 e yngeu)

= & ey a0
(30)

ay_ © _
HOROG s === 5 (767 e,

ay_ 9] _
HORO g =[Py = E (16 - ey,
(31)
5. Applications

As the function which is invariant under the FDO is obtained
in (6), it establishes a calculus. So, it can be used to handle
linear fractional difference equations.

5.1 The -DO linear dynamical system.
We consider the system,
Dé)O(x(t) =ax(t)+by(), D;’i‘,y(t) = cx(2) +dy(0). (32)

To solve (32), let x(7) :ClEgo(f,ﬂ) and y(t)=czE£O(t,ﬂ) .

Direct calculation gives,

a—-A b
Det =0,
c d-—2

and the eigenvalues are,
ﬂlz=%(a+di (a—d)? +4be). (33)
We focus our attention on the case when (a-d)>*+4bc<o.
Thus we have,

x(t)= EDO (r,(“de))(x(O)cosgo 6.+ y(O)sinlO 1. r),

w(t)=EDO (z,@)( 3(0)cosD9 (t,r) + x(0)sinDO (1,7,

r:%«/—(a—d)z—bc,bc<—(a—d)2. G4

The solutions in (34) are displayed against t for different
values of « in Figures 1 (i) and (ii).

We remark that the maximum value holds at t = 1 and the
solutions increase when 0<t<1, while they decrease when t > 1.
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It is worth mentioning that when studying real phenomena,
and by considering t normalized by characteristic time ,, the
physical quantity attains its maximum or minimum at r. This
illustrates the importance of the use of this new difference
operator in dynamical systems.

5.2 The - DO logistic equation

Consider the ND logistic equation which is characterized
by the normalized growth and death rates, and by the carrier

capacity,
DEOu(t)= Au(e)(1-u(t)), u(0) = u, (35)

Indeed, (35) is a nonlinear equation.

The solution of (35) is,

u()+ Kyt 0<isl,

u) =170 K0 =1 u)+[K@e)dgt, 121, (36)
K(£) = Au(®)(1—u(?)).

By using (28), leads to,

u(f)= kﬁl | jak _ak-l | ﬂu(tak_l)(l—u(tak_l ), t>0,0<a<l.

(37)

Here, to find the solution to (35) a discretization and an
iterative scheme in (34) are used. So, we have,

£ ()= k§1 ok ok D) gkl D ekl g <<,

(38)
__________ o
230
225
220 a=0.35
€015 a=0.55
a=0.75
21.0 &=0.95
205
200
1] 1 2 3 4
t
(i)
55
50
45 a=0.35
£ a=0.55
- {
40 | a=0.75
! a=0.95
35
30 |
0.0 05 1.0 15 20 25 3.0

Figure 1: (i) and (ii). The solutions x(t) and y(t) are displayed against t for different

values of @, when a = 0.5,d = 0.5, b = -3, ¢ = 4, x(0)=20, y(0)=30.

058
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Where,

O =u©) 11 1

= , (39
n=lpy n et at )

Thus, the first approximate solution of (35) is,

D= § @ @k O O ) 00 <a <,
- (40)

Finally, we have,

1 ®© k k-1 0 1
«Mo=3 1 = O I i gkrn=2
k=1 n=l14 27| —t% |
1= 1 ) =00<asl.
n=lyy gn @ ekt

(41)

The results for the first approximation in (41) are displayed
in Figures 2 (i) and (ii).

Figures 2 (i) and (ii) show that the solution of the logistic
equation attains a steady state value asymptotically. We remark
that the behavior of the solution, at t=1, changes significantly,
which reveals that, there is a critical where the behavior
changes remarkably.

i}
107

K18

a6

(iiy

a=0.35
= ] =055
=

4 | | a=0.75

Figure 2: (i) and (ii). In (i) the 3D plot for the solution u™(t), given in (41), is displayed
against t and a. In (i), it is displayed against t for different values of a. When
u(0)=20, A = 2.5.
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5.3 The prey-predator mode

1. To construct a model for a hypothetical dynamical
system, the ordinary derivative is used.

2. For modeling a dynamical system of living creatures,
careful attention has to be taken into account, as a
living being has a history. For example in a prey-
predator model with harvesting, For a prey in order
to be predated or harvested, it must exist not at time t
but at time (t-t,) and this corresponds to time delay (or
local memory). Further memory aspect that describes
recent history (memory) or ancient history (memory)
are represented by the integrals.

JOK (¢ = 1)ty (LK (t=1)()d,-

Thus, in this case, to model a dynamical system, the ordinary
derivative is not realistic and it is replaced by introducing a
fractional derivative. The most realistic ones are the Riemann-
Liouville and Caputo derivatives [15]. It is worth mentioning
that, here, the fractional difference in (19) is with fractional
local memory (t*-t), 0<a<1 (see the examples in section 2.2).

We consider the prey-predator model with proportional
harvesting in the prey and predator.

Let u(t) and v(t) be, respectively, the prey and predator
densities at time t.

Assume that the prey population grows logistically with
an intrinsic growth rate A in the absence of a predator.

Let y be the food-independent death rate.

DEOu(t) = Au(e)(1-u(t) — fult)(r) — pyu(@).

Dgov(t) ==+ Bu(O)v(t) = (1), u(0) = 1, 1(0) = v, (42)

Where p,,i =1,2 are the proportional harvesting coefficients,
while B is the perdition rate of the prey.

Eq.(42) is written in the matrix form,

Dg%u(n) _ M[ua)H ~pu(m) ] PRI ]
DR v(t)) \—y+Bu(t)v(t) 0 -u,
(43)
We use the transformation,
[u(t)]: EROw.a—u) 0 [U(t)J
W) 0 Eé)o(t,_ﬂz) V) o

into (43) and we get,
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[DEOU(t)}M_I ~EZO 2= m)ERO UV ) |
Dy (1) —+BEQC (0,2 - 1) EFC (t—1,)U 0V (1)

 PEQOwa-wERO t-1my)
50 A= m)ERO( )

vy @

BEEC .2 u)ELO (1.~

7+ U@
RN G

EROG% a—pm) 0

0 ERO( ~py) (45)
By using (26), (45) is integrated to,

BELO .2~ m)ERC (4~

U ()

[U(l)]_[”o}_'_ t _Eo?o(tlasi_ﬂl)Ego(tay_ﬂz) Aot
v |y EDO ¢ 21— 1 \EDO(1.— ar
RS ﬂDg o(ct ﬂl)Dao (; “2 v
Ea (t al_ﬂl)Ea (t a_luz)
(46)

A discretization for (46) is,

DO DO
BEq (2= 1)Eg  (1,=14) | ("71)(t1)V("71)(t1)
[U(")(t)}[%}r | B A ERO R ) d
= al
. ERO, - m)ERO (4, 11)
K DO DO
EROW? 2 m)ERO (1))

™) Yo

v Dyt D)

(47)
Where U(O)(t)=u0 and 7)) = v
The first approximation in (47) is,
PELO A= m)ERO )
{U(])([)] [u0]+jt Ego(tfx,ﬂ*ﬂl)Ego(taaﬂuz) 0 dot
- : oty
rWo) o) T EGO G A Ry
EQO A-m)EGO (¥ —uy) OO
(48)

together with using (44).

To prove the convergence of the iterated scheme (47), first,

we use (6) and find that Ego(l) SH;OZII lan <el1>0. Thus,
+t

it is sufficient to prove the convergence in the classical case.

. B A .
blackU(t):[”(I)J:M(”(’)]J{ Lu(t)v(t) J,M—[ Hy ]

V() v(®)) =+ Bu@v() 0 -u

(49)
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The iteration scheme of (49) is,

pu" DDy

dt,,n>1.

U(”)a)—[v ]Hoe : I

0 4 A" DD
(50)

Now, we prove the convergence theorem. To this issue, we
present the following.

We write u™ = {Ui(n)’i =1,2,3}, where

10 = Max_y 5 1S 11U = Sup, i 100

We  assume that the space of  solutions

§= {Ul-(n) iU,(n)fCI(R+),,i =1,2,3,n¢N } is endowed by the norm

IS 1= Max, [ U U I Sup, g 10D 01) (et 7).

Define the mapping »z:S - S;M (ul(n_l)(t)) = ul(n ) (r). We

proceed with the proof of the convergence theorem by the
following.

The logarithmic norm of a matrix M, which is defined by,

gy [£+0M | -1 (51)
HM)= lelt§—>0 s

Where, ||M|is the matrix norm. Here, we consider

- Jj=n
I o= My, (5

Lemma: The norm of exponential matrix
M ym :(mij)’ i, j=1,...,m satisfies [45,46],
[l exp(=tM) |loo < exp(~t 1o (M), (52)

- J=m
Where (M) = Max,(|m;; ‘+Zj=l ,j;éi'mij D.

Theorem: The sequence of solutions u™ converges

absolutely to the exact solution black U as n »co. as

Proof. By using (49), (50), and the lemma, we have,

_ _3,,(0),(0)
Jo® —uO ™) Vg <
BAONG)
_ _.,(0) (0) _1,(0).(0)
T T B P (P T e (P
MWONO y i 0,0
—(1— _4,,(0),(0)
e Vi | OO )
st 0,0

From (53), there exist ¢, _, and T, such that,
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[UY -0 |[<& <1, t>T, (54)
Define a mapping 3 with 57y =+

In the same way for ||U(2)—U(1) H:HA?[(U(I)_M(U(O))H it
holds that there exists ¢, _, and T, such that,

||M(U(1))—A71(U(O))\|<gl<1, t>T,, (55)

and by induction, it holds that,

W) - 0" Vyi<e, <1, 1> T, (56)

From (54)-(56), there exist ¢=Min;z;and T'=Max T,
such that,

MUy V)< e<1, 1> 1. (57)

Thus, ) is a contraction mapping. This completes the
proof

Corollary. The sequence of solutions u®™ converges
absolutely on [0,T] to the exact solution u of (3).

By using (6), the results in (48) are displayed in Figures.
3(i) and (ii).

When B=0.05, u, = 5000, v, = 100, y, = 0.01, Yy, = 0.005,y =
0.001, A = 0.5.

After Figures 3 (i) and (ii), we find that the solutions u(t)
and v(t) decay with o when 0<t<1 and they are oscillatory with
o when t>1 A global behavior of the density of the two species
is to decay with time.

6. Quadratic invariant

Here, we are concerned with constructing a quadratic
invariant (QJ) for (56), which is a quadratic polynomial in u'(t)
and v'(t) and it leads to the Hamiltonian function. Indeed, a QI
for the dynamical system,

u'(O=A(1=u(O)u() = pyu(t) = Pu(t)V(D),

8
V()= -+ uOn(0) - iy (1) 9

undergoes the form,

A5u'2 + AV + A3V'2 Ay ()’ + Ay (V)Y + Ay () = 0. (59)

Eq. (75) is rewritten,

u"=A(1-2u)u — - pvu' - pu', (60)

V"= Svu’ + Suy’ —yzv'.

By differentiating (76), using (77), and by setting the

coefficients of u'i v'iji,j = 0,1,2 equal to zero, we get,
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Figure 3: (i) and (ii). The prey and predator distributions, u®(t) and v(’(t) respectively,

given by (48) and (44), are displayed against t for different values of a.

A2u (u,v)=— 2A5/1 + 2A5;11 + 4A52u + 2A5ﬂv - A4ﬁv,
Alu (u, v)=A4(—i) + A4,u1 + A4y2 - A4ﬂu + 2A5ﬂu + 2A4/1u
—sz(u,v) - 2A3ﬂv+ A4ﬂ’v,
AOu (u,v)y=— ,BVA1 (u,v) - /1A2 (u,v)pv+ A2 (u,v)+
2/7.uA2(u,v)+,ulA2(u,v),
Alv(u,v)=2A3/12 —2A3ﬂu + A4,6'u,
on(u,v)= —ﬂuAl(u,v+ ﬂqu(u,v) + /tzAl(u,v).
(61)

Calculations give rise to,

Az(u,v)Zv(t)(Bl —A4ﬂu)+2A5u(—/1+y1 +/'tu+,6v)+b’0,

1
A, (u,v)= By - As pu’® +2A3,uzv—2A3ﬂuv+EA4u(—2/l+2,ul
+2/.t2 + fu+2Au +2ﬂv)—B1u,

Ay V)= Cy + Byt = 24,1202 +%u(l)(230 (24 a + 2 )
24 (/12143 ~24(4 —yl)uz +23v(=Ac+ py + )
+u(22 YR ,uz(ﬂ—Qxl)v))

+,Bv(2A5,uzu #2400 pu —2;12)—232)). )

From (79) into (776) leads to,
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+Asu'2 + A4u'v' + A3v'2 + 32/12\/— 2A3,u§v2 +u (BO (—ﬂ, o+ Au+ ﬁv) +

,b’v(A3v(,6’u —Z,uz)—Bz)+A5 —/1+,ul +lu+,3v(ﬂu2 +2/12v
714(17,111 +,[7’v)))u'
+(V(Bl 7A4ﬂu)+2A5u(7/1+,ul +iu+ﬂv)+BO)
+%(232 ~2B,(0)~ 245 + 44y (1)~ ) +

A4u(—2/1+2y]+2y2+ﬁu+2ﬂu+2ﬂv))v—CO:O. (63)

Eq. (80) can be written as a Hamiltonian function,

H(u',v’,u,v):CO. (64)

Conclusion

In this study, the alpha-difference operator (a-DO)
and difference integrals are introduced. We establish the
fundamental analysis and discover that the a-DO is reversible.
We further explore the “invariant” a-DO-exponential
function, along with trigonometric and hyperbolic functions.
As a result, the a-difference forms a closed calculus, analogous
to the g-calculus. We apply the a-DO to the logistic and prey-
predator models with harvesting, focusing on the effects of
varying the parameters. In the first case, we observe a critical
time (t=1) at which the population distribution changes its
behavior, transitioning from a growing state to a decaying one.
The same results hold for the prey-predator model. Another
typical example is the exposed-infected-recovery system.
We find exact solutions for the linear fractional difference
dynamic system. In the nonlinear case, we obtain approximate
solutions by implementing an iterative scheme, for which we
prove a convergence theorem. Furthermore, we construct the
Hamiltonian function for the prey-predator system using a
quadratic invariant. This provides further insights into the
energy conservation and stability properties of the system. Our
research opens up new avenues for the application of the a-DO
in various fields of science and engineering.
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